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Classial Shwarzshild blak hole
ds2 =

(

1 − 2Gm
r

)

dt2 − dr2

1 − 2Gm
r

− r2dσ2.

G - Newton's onstant, m - total mass (energy), r - radius(4πr2 = area)(c = 1)
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�èñ.: Carter-Penrose diagram for geodesially omplete Shwarzshildspae-time.Wormhole geometry. Rather omplex boundaryNo dynamial degrees of freedom!Vitor Berezin Quantum blak hole models



Thin shellsSpherially symmetri thin dust shell
Constraint equation
σin

√

ρ̇2 + 1 − 2Gmin

ρ
− σout

√

ρ̇2 + 1 − 2Gmout

ρ
=

GM
ρ

.

M = const > 0 - bare mass. Blak holes → min > 0, mout > 0.
σ = ±1Bound motion.Two types of shells
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Blak hole ase: ∆m > 1
2(
√

m2
in + M2 − min)

�èñ.: Carter-Penrose diagram for bound motion with turning point at
ρ = ρ0 and ∆m > 0 =⇒ σin(ρ0) = +1, σout (ρ0) = +1.Vitor Berezin Quantum blak hole models



Wormhole ase: ∆m < 1
2(
√

m2
in + M2 − min)

�èñ.: Carter-Penrose diagram for bound motion with turning pointatρ = ρ0 and ∆m > 0 =⇒ σin(ρ0) = +1, σout (ρ0) = −1.Quantum shells - ?Vitor Berezin Quantum blak hole models



"Naive"quantizationShroedinger equation in �nite di�erenes[V.A.B., N.G.Kozimirov, V.A.Kuzmin, I.I.Tkahev (1988)℄
σin = +1, min = 0, mout = m)

√

ρ̇2 + 1 − σout

√

ρ̇2 + 1 − 2Gm
ρ

=
GM
ρ

.Pre-Hamiltonian
m = M

√

ρ̇2 + 1 − GM2

2ρ
.
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Restoration sheme
p =

∂L
∂ρ̇

,

H = pρ̇− L = ρ̇
∂L
∂ρ̇

− L,

L = ρ̇

∫

H
d ρ̇
ρ̇2 = ρ̇

∫

∂H
∂ρ̇

d ρ̇
ρ̇

− H

p =

∫

∂H
∂ρ̇

d ρ̇
ρ̇
.
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Hamiltonian
p = M log(ρ̇+

√

ρ̇2 + 1) + F (ρ),

L = M(ρ̇ log(ρ̇+
√

ρ̇2 + 1)−
√

ρ̇2 + 1) + ρ̇F (ρ),

F (ρ) = 0.
ρ̇ = sinh

p
M

,

H = M cosh
p
M

− GM2

2ρ
.

x = Mρ, Π =
1
M

ρ,

H = M
(

coshΠ− GM2

2x

)

.Vitor Berezin Quantum blak hole models



Quantization
[Π, x ] = −i .Coordinate representation: Π = −i∂/∂x

e−i ∂

∂x Ψ(x) = Ψ(x − i)

HΨ(x) = EΨ(x),

ǫ = m/M, α = GM2

Ψ(x + i) + Ψ(x − i) =
(

2ǫ+
α

x

)

Ψ(x).
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Non-relativisti limit
x ± i → M

(

ρ± 1
M

i
)

→ ρ± ~

Mc
i ,

ρ ≫ ~/Mc. Up to seond order in (~/Mc):
− 1

2M
d2Ψ

dρ2 − GM2 − e2

2ρ
Ψ = (E − M)Ψ

(E − M)n = −M(GM2 − e2)2

8n2 , n = 1,2, ...- Rydberg formula
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"Naive"quantizationAsymptotisTranated equation. Matrix method
Ψ(2N) = −

N−1
∑

K=1

(−1)N−K (2N)!

(2K )!
Ψ(2K )+(−1)N(2N)!

(

ǫ− 1 +
α

2x

)

Ψ(x),Asymptotis at zero radius
Ψ = xn x → 0,

n = 0,1,2, ....Asymptotis at in�nity
Ψ = eλxe−

α

2 sin λ
log x ,

cosλ = ǫ.Vitor Berezin Quantum blak hole models



Disappearing term(1 + x2N log x)AnalytiityShift in the argument is along imaginary axis - solution must beanalytial funtions on some Riemannian surfae.At singular points of equations the asymptotial solutions have,in general, branhing, and the number of leaves of theRiemannian surfae should be the same at the ends of every utbetween two branhing points.Ranks of suh branhig points ould di�er only by some integernumber n.Disrete spetrum
GM2

2 sinλ
= n

m = M

√

1 − G2M4

4n2 .Vitor Berezin Quantum blak hole models



Solution
Ψβ(x) =

(

−4πβe−iλ sin λ
)

xe−λxF
(

1 − ix ,1 − β;2;1 − e−2iλ
)

.

F (a,b; c; z) - Gauss's hyper-geometri funtion.
a = 1 − ix , b = 1 − β; c = 2; z = 1 − e−2iλ,Asymptotis ⇒ quantization ⇒ β = n

Vitor Berezin Quantum blak hole models



Canonial quantizationClassial theory[V.A.B., A.M.Boyarsky, A.Yu.Neronov℄ADM formalism in the presene of the shellHamiltonian onstraint
C = Fout +Fin −

√

Fout

√

Fin

(

exp
GṖR

R
+ exp−GṖR

R

)

− M2G2

R2Idea √
F → F 1/2

F 1/2 = |F | eiφ

φ = 0 â R+-region
φ = π/2 â T

−
-region

φ = π â R
−
-region

φ = −π/2 â T+-regionfor the blak hole ase, and the reverse bypass in the wormholease. Vitor Berezin Quantum blak hole models



Canonial quantizationQuantum theoryEquation for the wave funtion
µ = min/mout , mout = m, ζ = 1

2(
mpl
m )2,S = R2

R2
g

Ψ(m, µ,S + iζ) + Ψ(m, µ,S − iζ) =

(FinFout)
−1/2

(

Fin + Fout − M2/4m2S
)

Ψ(m, µ,S)

min = 0, Fin = 1, Fout = F

Ψ(m,S+iζ)+Ψ(m,S−iζ) = F−1/2
(

1 + F − M2/4m2S
)

Ψ(m, µ,S)
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Canonial quantizationLarge blak holesAsymptotis in R+-region. ζ ≪ 1 y ≫ ζ

S = ∞, s = (1 + y)2

Ψ ∼ y

1
2
−

M2

m2 − 2

4µζ2
exp(−µy), µ =

1
ζ

√

M2

m2 − 1,

S → 1 + 0, s = (1 + z2)2, y =
√

z, s ≫ ζ, y ≫ ζ

Ψ ∼ 1 − 8

3ζ2

(

1 − M2

4m2

)

y3/2Compare the ranks of branhing points
2 − M2

m2 = 4ζ

√

M2

m2 − 1n, n = integerThis is the �rst quantum ondition.Vitor Berezin Quantum blak hole models



Asymptotis in R
−
-region

s → ∞. Beause of the "minus"sign in front of F 1/2, the waveequation in R
−
-region di�ers onsiderably from that in

R+-region:
Ψ ∼ y

M2

m2 − 1

8ζ exp
(

−2
ζ

y2
)Compare ranks of turning points at s → 1 + 0 and s → ∞

M2

m2 − 1

8ζ
=

1
2
+ p, p = positive integerThe appearane of the seond quantum number is rathersurprising and needs some explanation.Vitor Berezin Quantum blak hole models



Canonial quantizationQuasi-lassial wave funtionMassless shell
Ψ(S + iζ) + Ψ(S − iζ) =

Fin + Fout√
FinFout

Ψ.

Ψ = exp
(

iΩ(S)

ζ

)

(φ0 + ζφ1 + . . .).Zero order in ζ - Hamilton-Jaobi equation for PS = dΩ/dS:
cosh{PS} =

Fin + Fout

2
√

FinFout

PS = ± ln
(

Fout

Fin

)1/2

= ± ln

(√
S − 1√
S − µ

)1/2

.In the region S ∈ (µ2,1) between horizons the momentum PSaquires an imaginary part, therefore this is an analog of the"lassially forbidden"regionVitor Berezin Quantum blak hole models



Ψ = A exp
{
∫

S
PS̃dS̃

}

→ A exp
{
∫

S
PS̃dS̃

}

exp
(

π

ζ

1 − µ2

2

)

.

Ψ = A exp
{

−
∫

S
PS̃dS̃

}

→ A exp
{

−
∫

S
PS̃dS̃

}

exp
(

−π

ζ

1 − µ2

2

)

.Hawking radiationThe ratio of the squared amplitudes Zin è Zout :
P =

Z 2
in

Z 2
out

= exp
{

−2π
ζ
(1 − µ2)

}

= exp

{

− 4π
m2

Pl

δR2
g

4

}

.

A - horizon area
P = exp

{

−1
4

δA
m2

Pl

}

.J.Hartle and S.Hawking: distribution of probabilities as theGibbs distribution
P = exp{−δm/T} =⇒ δm = T δA/4.Vitor Berezin Quantum blak hole models



Canonial quantizationRelativisti Shroedinger equation in �nite di�erenesEquation
Ψ(m, µ,S + iζ) + Ψ(m, µ,S − iζ) =

(FinFout)
−1/2

(

Fin + Fout − M2/4m2S
)

Ψ(m, µ,S)Matrix method - degenerate prinipal matrixMatries of in�nite order =⇒ in�nite system of �nite ordermatriesDisrete spetrum
2(1 − µ)2 − M2

/

m2

ζ
√

2
√

(1 − µ)2 − M2
/

m2
= n

1

ζ2
√

2

(

(1 − µ)2 − M2
/

m2
)

= pwhere n and p - integers.Vitor Berezin Quantum blak hole models



Quantum gravitational ollapseDisrete spetrum
2(∆m)2 − M2
√

M2 − (∆m)2
=

2m2
Pl

∆m + min
n ,

M2 − (∆m)2 = 2(1 + 2p)m2
Pl ,

∆m = mout − min, n è p ≥ 0 - öåëûå ÷èñëà. Two quantumnumber (n,p) - for two parameters (∆m,M) with �xed min →shell does not ollapse.After swithing on the radiation - gravitational ollapse startswith (neessary) reation of new partiles (shells) → mininreases. Suh a proess an proees in di�erent ways - theorigin of entropy.How a quantum ollapse an be stopped?The natural �nal point - rossing of the Einstein-Rosen bridgebeause the onstrution of the semilosed world requiresinlusion of the in�nite volume - zero probability.And this happens exatly when n = 0!Vitor Berezin Quantum blak hole models



"No-memory"state
n = 0 - speial point in the spetrum.Being in this quantum state the shell "does not fell"what isgoing both outside and inside → it "feels"only itself.This resembles the "no hair"feature of the lassial blak holes.Eventually, when all the shells (both the initial one and newlyborn) beome in the orresponding states with ni = 0, the wholesystem will not "feel"its own history.It is this "no-memory"state that we all "the quantum blakhole".
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Thank you very muh!
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