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Introduction
Type II supergravity: one of the possible 

perturbative limits of string theory

gµν

Hµνρ = 3∂[µBνρ]
H = dB

3-form

p =

�
1, 3, 5, 7, 9 ( )

0, 2, 4, 6, 8 ( )
Fp : p

ψµ

φ eφ =

λ

Supersymmetry:  bosons [forces]          fermions [matter]↔

Aim of this talk: characterize supersymmetric solutions



δgµν = �̄γ(µψν)

∇µ� = 0

• ψ = 0 ⇒ δgµν = 0

Finding solutions is easiest in 
terms of forms

antisymmetric

{
dJ = 0
dΩ = 0
J ∧ Ω = 0
J3 = iΩ ∧ Ω̄

∇m� = 0 {
M10 = 4 ×M6

Example:

�̄γµ1...µk�

millions of
Calabi-Yau’s

found this way
 [Calabi’57, Yau’77]

δψµ = ∇µ�+ • = 0⇒ δψµ = 0

“restricted
holonomy”

J
Ω



δgµν = �̄γ(µψν) • ψ = 0 ⇒ δgµν = 0
δψµ = ∇µ�+ • = 0

name given in 
[Hitchin ‘02] 

the space is 
‘generalized complex’supersymmetry

(blood and tears) dφ− = 0

dφ+ = F

[Graña, Minasian, Petrini, AT ’05]

M10 = 4 ×M6

messy system! no holonomy interpretation 

But another interpretation exists!



But: •what about other spacetimes? 

4 ×M6

4 ×M6
[holographically dual to 
nonrelativistic CFT3]

…

•what about different dimensions? 

d ×M10−d

d ×M10−d

…

M10 = 4 ×M6

similar equations also exist for
[holographically dual to CFT3]



1. Review of the system for vacuum solutions 

 2.The new system: algebraic equations

 3. The new system: differential equations

In this talk, I will describe 
a solution to this problem: A system in terms of forms

equivalent to supersymmetry



I. Vacuum solutions
�1,2

M10 = 4 ×M6

6d4d

�1,2 = ζ+ ⊗ η1,2
+ + c.c.

[in IIB, from now on]η1,†
+ γmnη2

+

a more efficient 
method:

(η1
+ ⊗ η2 †

− )αβ = η1
+ αη2 ∗

− β

is a bispinor

bispinors forms

γm1...mk ←→ dxm1 ∧ . . . ∧ dxmk
‘Clifford map’:

φ± ≡ η1
+ ⊗ η2 †

±



Algebraic constraints.

φ± η1
+ ⊗ η2 †

±

Answer:

• SO(6, 6)

generators: • Bmn

• βmn

• ωm
n

• Stab(φ±) SU(3)× SU(3)

Why?
η Stab(η) = SU(3)

φ±



In fact: 
φ± ←→ (g, B, φ, η1,2) [Hitchin ’02, Gualtieri ’04]

internal metric

dilatonantisymmetric 
potential

Differential equations.

dHφ− = 0

dHφ+ = F

H = dB; dH ≡ d−H∧

supersymmetry { φ± SU(3)× SU(3)

algebraic: most general solution 
is known!

[Graña, Minasian, Petrini, AT ’05]



II. Ten dimensions: algebraic equations

We now want to generalize the 
system we just saw to any 

supersymmetric solution in 10d 

{

×M6

Mink4

AdS4

�

KM = �̄γM � KMKM = 0

�⊗ �̄ = K + Ω5 + ∗K

�

ιKΩ (8) (7)

(K) = (8) � R8

(�) = (7) � R8



Algebraic constraints.

�1,2 Φ ≡ �1 ⊗ �̄2

�1,2 (ISpin(7))2

Unfortunately the right answer is:

Φ �1 ⊗ �̄2

• SO(10, 10)

Φ

⊂

• Stab(Φ) (Spin(7)
2 × Sl(2, R)) � Heis33



• I listed all possible solutions to this constraint.

• (Φ = �1 ⊗ �̄2) (�1)× (�2)

Φ

K1 = e−

e1, . . . , e8

e+1

�

e+1 e+2

(Φ, e+1 , e+2) �→



II. Ten dimensions: differential equations

KM
i = �̄iγM �i

two lightlike vectors
K = 1

2 (K1 + K2)

K2K1

K

timelike or lightlike

two old equations:

LKg = 0

ιKH = dK̃

K

LKH = {d, ιK}H = ιKdH = 0

K H

[Hackett-Jones, Smith ’04; 
Koerber, Martucci ’07;

Figueroa-O’Farrill, Hackett-Jones, 
Moutsopoulos ’07]

K̃ = 1
2 (K1 −K2)



LKg = 0 ιKH = dK̃Φ

This equation reproduces the ones for vacua: 

M10 = 4 ×M6

Mink4

K = v

K̃ = 0

dφ− = 0

dφ+ = F{

dHΦ = (K̃ ∧+ιK)F [AT ’11]

Φ = Re[(v + i ∗ v) ∧ φ+ + v ∧ w ∧ φ−]

�



dHΦ = (K̃ ∧+ιK)F

LKg = 0 ιKH = dK̃

( , )

• same system in IIA and IIB

• no covariant derivatives
• e+

• no Ansatz necessary

{supersymmetry

main 

result!

[AT ’11]

(ψ ⊗ �2e+2 , dH(Φe+2)− F ) = 0
∀ψ

(e+1�1 ⊗ ψ, dH(Φe+2)− F ) = 0

• e+1�1 ⊗ ψ



It is possible to apply it now to 4d susy solutions
[work in progress
with my student

Dario Rosa]

• e+

• R2

• N = 2 d = 4

• we are now putting the 10d system in the same form

• K dK = . . .

• K ∃ dvij = . . .

vij · dqu = . . .

hyperscalars

1

{



Conclusions

•We saw how supersymmetry in type II string theory 
can be expressed in terms of forms.

• There is room for improvement, but potentially 
the system we found is more fundamental than the 

one for 4d compactifications.

• T ⊕ T ∗


