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Thermodynamics Basics
Thermodynamical Ensembles

e Microcanonical: E, N, V fixed

e Canonical: T, N, V fixed

e Grancanonical : T, u, V fixed
In a GrandCanonical Ensemble define:

o~ (H—uN)/T

>
I

Z = Trp
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p e Z determine the system’s state:

<O >=TrOp/2

olnZ
P =T
oV
N - T(?an
O
0TInZ
5 = oT
E = —-PV+TS+ uN
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Bosons and fermions

e 1 bosonic degree of freedom
H=1/2wa'a+1/2w = w(N +1/2)
z - TpeBH-pN) _ p.—Bw—p)N)
— ZTTG—B(W—M)H — (1 _ e—ﬁ(w—ﬂ)n)—l
0
N = (£ 1)t

e 1 fermionic degree of freedom

H=1/2wa'a —1/2w = w(N — 1/2)

z = TreBH—-uN) _ p. —Bw—p)N)

1
Z Tre Blw—n)n
0

N = (eﬂ(w_ﬂ) + 1)_1
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Example I : Relativistic free fermionic gas
Non interacting particles: Z
z=]]2

InZ = d3x/d3p(ln(6_5(w_“) +1) + In(e Pt 1))
Note! Relativistic particles!

e Fermions (4+p ) and antifermions (—u).

o w=/(p?+m?).

e Relativistic chemical potential

Z can be exactly computed in the chiral limit m = 0:

TinZ = Vup*/(121°) +Vu*T?/6 + 7V T* /180
n = 4Vu’/12x° + 2V T’ /6

Ideally, this should be the state of the quarks at very high temperatures!
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APPROACH TO FREE FIELD : ANALYTIC RESULTS VS. LATTICE DATA

Based on A. Vuorinen, 2004

N N

NSB NSB
0.96 - 0.98 -

Q%} J 0%}
QWi l 1 [ Q%;
Q%:‘;¥i$kl‘f1 777777 0%;

0.88 - 0.90 -

D’Elia, Di Renzo, MpL, Vuorinen, in progress
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More observables : Response Functions
Susceptibilities

8(ju+jd)p(T, H“’ 1q)
opl Ot

Xjusia (L) =
pu=pg=0
Test for fluctuations.

Taylor coefficients of the excess pressure:

Ap(Tv ,uu’,ud) = p(T7 MU7Md) _p(T7 pu =0, td = 0)

A pde
T7 Uy — 5] T .L._,
p( 12 /'I’d) ]; XJ Jd( )Ju' Jd'
usJd

containing information about baryon density effects in the EoS.
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Susceptibilities Towards Free Field

n=2+1, m =220 MeV —=— .
=2, m,=770 MeV —=—
Resonance gas

SB

o | <B4>—3<B‘?>2
<B?>
1.5
1
05 -
0 |
150 200

RBC-Bielefeld Collaboration, 2008
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Example II : Interacting Fermions
3 d Gross Neveu Model

L =@+ m)p — g* /Ns[(p)* — (hys1)?]

Global Chiral Invariance

i = €Y,
i = e

Basic Properties

e AT =pu =0 and g ’large’, spontaneous symmetry breaking, Goldstone mech-
anism.

e Rich particle spectrum

e Amenable to a lattice study at T, u # 0 !!!!

MpL-QCD at finite T and u



Phase diagram of the 3d Gross Neveu model

1.0
. .
o
L 3
o
U/ZO 05 +
O'Ooo | 0‘5 et 1.0
T/Z,

da S. Hands, 1998

Mean Field Solution vs Exact Lattice Results
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Grand Canonical Formalism at finite T, u

Basic Observables : number density, susceptibilities

Free Fermions : Exact Solution

Simple model with interacting fermions : mean field solution
Phase Diagram at nonzero T and u of a purely fermionic model

Simple calculations : can reproduce limiting behaviour and give generic infor-
mation; in general inaccurate
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Lattice QCD

first principles calculations from the
QCD Lagrangian

L=Lym+Y(ivy,Dy +m+ pyo)y

A vaste phase space to be explored:

Real baryon chemical potential, temperature, isospin chemical potential.
And also: Imaginary chemaical potential, number of color and number of flavor, bare
masses

to address phenomenological issues as well as to study more theoretical questions
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Phenomenological challenges:
ab 1n1t10 study of the QCD phase dlagram
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Theoretical questions can (or, rather, should 7) be addressed in a larger phase

space:
NEf 8
N..

Tl A

6 | F!

. /

4

3

2 oReal world

1

1 2 3 4 5 6 N_c
T Uy
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o High T

— Chiral symmetry pattern : order disorder, light baryons

— Deconfinement /screening: string breaking via recombination with light
pairs

— Instanton molecules
o High

— Chiral symmetry pattern : instability at the Fermi surface

— Deconfinement /screening : string breaking via recombination with real
particles

— Instanton chains

Differences at high T and high i in the gauge dynamics provide futher motivation
to study nonzero u on a lattice.
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Lattice QCD at Finite Temperature and Density

Lecture I
I Formulation

II Calculational Schemes

11.1 Effective Fermionic Models - Analytic approaches

11.2 Effective Gluonic Models - Numerical approaches

IIT ()CD at Finite Baryon Density: Methods

III.1 Derivalives
II1.2 Rewetghting
I11.3 FEzrpanded Reweighting

111.4 Imaginary Chemical Potential

IV Results - Discussion : Tomorrow’s lecture
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I Formulation '

* Chemical Potential for Conserved Charge N

p — e_(H_.“N)/T

zZ = Trﬁ/d¢d¢e—s(¢,¢)

* Temperature: Reciprocal of Time

1/T
S(¢,¢)=/ dt/ddmﬁw,w
0

with boundary conditions for fermions and bosons

$(t=0,2) = ¢t =1/T, %)
P(t =0, X) = —Y(t =1/T, %)

(1)

* Z = partition function of a statistical system in d+1 dimension, where T is
the reciprocal of the imaginary time.
* Thermodynamics and spectrum properties are treated on the same footing.
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Lattice QCD at T,u # 0

* Temperature: as in the continuum 7' = 1/N; * a

* Density

In the continuum: L(u) = Lo + pJy Jo = Uy — N — N = f Jo

On the lattice:

L(U) — Tﬁﬂoeuf%m — ¢x+0’}/0§3_ua¢m
JO — _8ML — ’wxq/oeﬂa’@bxq—ﬁ -+ ¢w+()706_ﬂa¢x

Time Forward propagation enhanced by e*®
Time Backward propagation discouraged by e

Particles—antiparticles asymmetry!
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More on The Lattice (digression)

Path integral is a regulated on a four dimensional lattice

e Gauge fields: link variables Uy, () for parallel trasport of field A from x to x + fia
z =Pz + fia

U,u(m)
z+ia
Ug,u = Pexp| ig dat Ap ()
x
e (Gauge tnwvariants and Yang Mill Action:
1
W"sl’ly) = 1 — —Re
s [ 3 mn, v
= Re Tr U U 7 U"L U.r
n,kEn+a,v n+o,u Y
g2a4

= FaFa t 0(a%)

e Lattice Yang Mill Action

1,1
BSg =1 E WTEL,;JJ,/) — dtz £y + O(a?)
n
0<p<v<3

B =6/g(a)?.
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e Lattice fermions
Simply:
P (x) = P(n) !
Out (@) = (w(n + i) — ¥(n — ))/2a,
[doubling problem and chiral symmetry: staggered fermions, Wilson fermions, chiral fermions]

,u«ﬁfyov,b on the lattice
Naive discretisation:

¢rATT(n1,M2,n3,n4) = ¢(nja,nga,nza, nga)
ApdparT(ni, n2,n3,ng) =
(¢(n1a,(ny + 1)a,nza,nga) — $¢(nq1a, (nya,nza,nga))/2a

Problems with free fermions: the internal energy € diverges in the continuum limit a — O

L =927 %stpa + mPazda + pdavoda

2

EO(—2—>a_}OOO
a

Elegant solution : p is an external field in the Oth direction

"/;’Y,LLAM"/) —— ’il“Z’YO"P
e FEuxternal fields live on lattice link. (cfr. electrodynamics: A — 0 = e('iA) )

o L(up)= "azw’)’oe'ua%ba:_'_ﬁ— $m+@70€_ua¢x
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e Simple intepretation

—  Time Forward propagation enhanced by et®

— Time Backward propagation discouraged by e ~H®

Particles—antiparticle asymmetry!

e lim, ,0Jgo = —-0uL = @xvoe'uadfm_i_ﬁ + %Zm_,_@’yoe_“aibm = uPyo Y

Via an unitary transformation for the field
L(u) = L(0)

+ boundary conditions
Ezxplicit dependence on fugacity
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Lattice QCD Thermodynamics at a Glance

2
LQcp = 6/97Tr Un,uUn+ﬂ,uUl+a,uUl,V
3
+ E (PaviUs(@) ¥, 3 — by 37U (@)va)
=1

+  Par0elUo(e)b, 5 — P, 570 HUL(2)vg
+  myy

Imaginary time .
and

Inverse
Temperature

d-dimensional space
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IT Computational Schemes

Z = fd¢d¢e—5(¢’¢);(¢,¢) = fol/T dtfddw.cw,w)
Locp =Lym + Y(iyu Dy + m) + ppygd

Two options:
1. Integrate out gluons first:

Z(T7 l‘l” I,ﬁz7 ¢7 U) : Z(T’ HJ 157 /lib) _)
effective approrimate fermion models
2. Integrate out fermions exactly as S is bilinear in ), 1

S =8SypU)+dMU)Yp

Z(T,pn,U) = dUe—(SYM(U)—log(detM))
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Z(T, 1, U) = / 17 o~ (Sv 21 (U)~log(det )

starting point for numerical calculations
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| II. 1 Effective Fermionic Models on the Lattice '

Lattice Strong Coupling Calculations:
Starting point : Yang Mill Action decouples
atgzoo—)de exact
Work on two color QCD by Y. Nishida, K. Fukushima, and T. Hatsuda

and others.
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Work from the 80’s on three color :
B. Petersson and collaborators, P. Damgaard, F. Karsch and many others.

<
s r=0.53 r=0.7
T=186MeV T=133MeV

r=0.43 ,
05} T=216MeV /
/
!
1 1 1 1

0.2 0.4 0.6 pas

£ = Ggls [ v) + (G 159)’]
CSC/CFL Phase from Strong Coupling?
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The phase diagram of QCD at strong coupling Kawamoto et al, 2005.
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| I1.2 Importance Sampling and The Positivity Issue '

Z(T, 1, U) = /dUe_(SYM(U)—lOg(det M))

det M > 0 — Importance Sampling

o =0 — det M is
Particles-antiparticles

e maginary u # 0 — det M is
(Real) Particles-antiparticles

e Real u # 0 Particles-antiparticles asymmetry
— det M is complex in (QCD

e QCD with a real baryon chemical potential:
use information from the accessible region
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Repy =0,Imp #0
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ITT QCD AT FINITE BARYON DENSITY-METHODS '

QCD and a Complex up
A map: complex pn — complex p?.
Z(u?) is real valued for real p?

The Phase Diagram in the T, u% Plane Region accessible to simulations:
u? real < 0.

o 1 = 0 Derivatives, Reweighting, Frpanded reweighting

o 12 <0 Imaginary chemical potential

MpL-QCD at finite T and u
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‘ The Roberge and Weiss analysis I

Z(l/) _ T,re—BH—HBVN _ e—BH—H’ON

1. Z(0) has a periodicity 2w anyway.

2. If only color singlet are allowed, then N = 0 mod (N,.) and periodicity
becomes 27w /N,

However (Roberge Weiss (1986))
Z(0) has always period 27 /N,

The imaginary chemical potential changes the preferred vacuum for the Polyakov
loop from ¢p = 0 to one of its Z3 images

The strong coupling analysis shows that periodicity is smooth at low temperature,
and p.t. theory suggests that it is sharp at high T
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| ITI.1 Derivatives at © = 0.0 '

B I ‘ I I I I ‘ I I I ]
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| IT1I.2 Reweighting from pu = 0 '

Ian Barbour’s proposal, or
The Glasgow method:
Z(p) can be computed using simulations at pu = 0:

_ [/ [M(p)]
°7 <|M(u =0) >,FO

f[dU][dUT]|M(M)|6_Sg[U,UT]
[1dU)[dUT]|M (1 = 0)|e= 59 lU:UT)

Neeeds between
simulation ensemble at u = 0
target ensemble at pu # 0

At T = 0 the Glasgow procedure fails because of a poor overlap.
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Example of successful reweighting at p # 0 : no conceptual problems
1-dim SU(3) can be exactly solved (Bilic, Demeterfi, 1988)
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Exact Z’s zeros in the Imaginary, Real p plane
(diamonds) and the cloud of zeros obtained from reweighting with a very
poor statistics

Z’s zeros from an high statistics reweighting : OK
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Z.Fodor and F.Katz’s proposal :
Multiparameter reweighting use fluctuations around T, to explore the critical region

Picture taken from
S. Muroya, A. Nakamura, C. Nonaka and T. Takaishi
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IT1.3 Taylor Expanded Reweighting '

Bielefeld-Swansea

Taylor expansion of the reweighting factor as a power series in A = u/T,
and similarly for any operator.

Computationally convenient: simplifies calculation of determinant.

Ezxpectation values are then given by
(O) (00401 A+ 0227 +..) exp(R1A+R2A%+...—ASg)) a=0,8,
(B,pw) — (exp(R1A+R2AZ+...—ASy)) r=0,5, '
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| III.IV Imaginary Baryon Chemical Potential '

Bridge between Canonical and GranCanonical ensembles
A. Hasenfratz, D. Toussaint, M. Alford, A. Kapustin, F. Wilczek, ...

Z(p) = E Z(N)ePrBN)

Z(v) = Tre PH—wBN)

27 /3
Z(N) = ;/ dvZ(iv)e  BVN
T
0

Note: same argument suggests Glasgow reweighting maight work
Practical Strategy:
Z(u, T) must be

1. analitic

2. non trivial

Rule of thumb:
X(T, p) = 0p(p, T) /Op = 0%logZ (1, T) /Op® > 0

MpL-QCD at finite T and u



1 Imm.: Lessons from g = o

Socp = Sym +Sr—g—00=0S5F

Z:(/Véff(<1ﬁ¢>d<1;¢>)vs

V:?ff(< sz >7,U) = QCOSh('r'NtNClu)_|_
sinh[(Ny + 1)Ne < ¢ >]/sinh(Ny < g3 >)

Vers(< Pp >, ip) = 2cos(rNyNop)+
sinh[(Ny + 1)N, < ¢y >]/sinh(Ny < ¢y >)
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Two color QCD as a testbed for Imaginary upg
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Gross Neveu Model
The critical line:

1— /30 =2T/Soln(1 + e #/T)

Reduces to:

T(T —T,) + pu*/(8In2) = 0

Second order approximation good up to pu ~ T,
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From O. Philipsen and E. Laermann
Ann. Rev. Nucl. Part. Phys. 2003

185 T T T T T T T T T T T T T T T ]
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Fodor Z and Katz SD, JHEP 0203:014 (2002).

Allton CR et al., Phys. Rev. D 66:074507 (2002).

de Forcrand P and Philipsen O, Nucl. Phys. B642:290 (2002).
D’Elia M and Lombardo MP,Phys. Rev. D 1:074507 (2003).
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Lattice QCD at Finite Temperature and Density
Lecture 1
I Formulation

II Calculational Schemes

I1I1.1 Effective Fermionic Models - Analytic approaches

11.2 Effective Gluonic Models - Numerical approaches

III QCD at Finite Baryon Density: Methods

ITT.1 Derivatives
III.2 Reweighting
IT1.3 Expanded Reweighting

III.4 Imaginary Chemical Potential

IV Results - Discussion : Tomorrow’s lecture
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