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V. L. Yudichev The Second Law of Thermodynamics

Each process ends in an equilibrium state, while the
entropy increases for the irreversible processes and stays
the same for the reversible.
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systems in equilibrium.
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An ensemble is an infinite number of independent
systems in equilibrium.

Ensembles
» Microcanonical
» Canonical
» Grand canonical
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Microparameters:
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Energy E, number of

Microparameters: particles (charge) N

Temperature T,
Macroparameters: | chemical potentials y;,
pressure P
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Isolated system
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Isolated system
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Isolated system
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Ensembles

Isolated system #1

Isolated system #2

Isolated system #3
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Ensembles

A X2

D |
*’b‘ Representation of
a system in the
phase space

>
>

X

A point represents a system with an infinitely large number
of particles
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Each point represents an independent system from the
ensemble
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Quantum state

|n), n = {p, spin, color, flavor, Baryon number, ...}
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Quantum state

pn — density matrix, (n|p|n) = pn

Tp=) pn=1
n

|n), n = {p, spin, color, flavor, Baryon number, .

)
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Definition
S=-TrpInp=->pnlnpy
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Determine j, from the maximum entropy principle

maxS — p
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Definition
S=-TrpInp=->pnlnpy
n

Determine j, from the maximum entropy principle

maxS — p
p

at

Trp = 1,
Tr[Ep] E
TNp) = N, (i=1,2,..)
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Conditional extremum of S corresponds to the absolute
extremum of W:

W=S8-aE—-bN;—cTrp (6)
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Conditional extremum of S corresponds to the absolute
extremum of W:

W=S8-aE—-bN;—cTrp (6)
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Conditional extremum of S corresponds to the absolute
extremum of W:

W=8—-aE—-biN;—cTrp (6)
W (7)
(S,On
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Conditional extremum of S corresponds to the absolute
extremum of W:

W=8—-aE—-biN;—cTrp (6)
ow
— =0 7
57 (7)

Introduce new variables: 3, u;, Q,
and express the Lagrange multipliers through them

a=p

b = pBu;
c = —1-p5Q
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Definition X )
Inpn = B(2 — En — piNin)

Normalization

Trp=1
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Quantum Statistical Mechanics
Density Matrix

Definition . A
Inpn = B(Q2 — En — piNin)

Normalization

Trp =1 = e = Trexp[-B(E — 1iN))]
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Definition . .
Inpn = B(2 — En — wiNi.p) (9)
Normalization
Trp=1= e 7% =Trexp[-B(E — uiN;)]  (10)
T — temperature
(11)

_1
B
I — chemical potential
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Entropy and Free Energy

S=-Trplnp
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Definition (see Eq.(2))

Entropy and Free Energy

S=-Trplnp
Substitute (9) into (2)

S=p(-Q+ E — piN))




gl Quantum Statistical Mechanics

V. L. Yudichev Entropy and Free Energy

Definition (see Eq.(2))

Entropy and Free Energy

S=-Trplnp
Substitute (9) into (2)
S =B(-Q+E - )
From 8 = T~ one obtains

Q=E—uN;— ST

(12)

(13)
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Definition (see Eq.(2))

Entropy and Free Energy

S=-Trplnp
Substitute (9) into (2)
S =B(-Q+E - )
From 8 = T~ one obtains
Q=E— N, — ST

Q — free energy

(12)

(13)
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e 7% = Trexp[—B(E — pilVy)] (14)

Entropy and Free Energy
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e " = Trexp[—B(E — uil\y)]

Derivative of (14) over 3 gives

Entropy and Free Energy

o2
Q:E_MiNi—ﬂ%

(14)

(15)
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Dorsty Vi e " = Trexp[—B(E — uil\y)] (14)
Derivative of (14) over 3 gives
13)9)
0= E— N~ 555 (15)

Comparing (15)

with (13): Q=E — u;N; — ST
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Dorsty Vi e " = Trexp[—B(E — uil\y)] (14)
Derivative of (14) over 3 gives
[3)9)
QZE—M/‘N/—»“?% (15)
Comparing (15)
with (13): Q= E — uiN; — ST
one obtains 50
S=—— (16)

oT
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Entropy and Free Energy a T
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S=-57
Q

W

(17)
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00
S=-57
oQ

Ni=—-— 17

" O (17)

E =Q+ piN;+ ST (18)
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N 02
Oui

E:Q+/L,'N,'+ST

Once Q is known, S, N; and E are determined
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V. L. Yudichev Entropy and Free Energy

oQ
N 02
Oui

E:Q+/L,'N,'+ST

Once Q is known, S, N; and E are determined

Q=-PV
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Scalar Boson Field

Canonical coordinate

9): Pa(X.t =0)|@) = $(X)|®)

[ de1onsi-

(Pal®p) = 0[Pa — ¢l

Canonical momentum

im) . #a(X, t = 0)|w) = ma(X)|m)
dn
I ) | = 1

(ma|mp) = 0[ma — mp)
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Quantum mechanics

(x|p) = P




Quantum Fields at
Finite T and p

V. L. Yudichev

Field Theory at Finite T and p

Scalar Boson Field

Quantum mechanics

(x|p) = &P

(olm) = exp |1 [ dx (31005
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Quantum mechanics

(x|p) = P

(olm) = exp |1 [ dx (31005

t=0: ‘¢a>
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Quantum mechanics

(x|p) = P

(olm) = exp |1 [ dx (31005 (26)

t=0: ‘¢a>
Hamiltonian

H= / d®x H(ep,T) (27)
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Quantum mechanics

(x|p) = P

(olm) = exp |1 [ dx (31005

t=0: ‘¢a>
Hamiltonian

H= / d3x H(op, )

|fa: t) = €"|¢,0)
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t
At = —
=N

e—/Ht — e—/HAt —iHAt o—iHAL e—/HAt (29)

e e

N
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t
At = N
oMt _ g—iHAt g—iHAL g—iHAL | o—iHAL (29)
N
g Ht — g IHAL . g=IHAL 4 g=IHAL 4. . g-HAL (30

[aelopol =1 [ ST minl =1
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(¢ple™"|¢a) =
N
= lim /H dr; d¢; (oplmn) (@AY g x
i—1

N—oo 2

X (dnITN_1) (1€ TR gy _g) x - -

x (po|mi)(m1|e” T2 p1) (¢1]0a)  (31)
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Matrix Element
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(¢ple™"|¢a) =
N
= lim /Edm:él (oplmn) (@AY g x

N—oo 2

X (dnITN_1) (1€ TR gy _g) x - -

x (po|mi)(m1|e” T2 p1) (¢1]0a)  (31)

<¢1 |¢a> = 5[¢1 - ¢a] (32)
(Gip1|mi) = exp [i/ds 7Ti()?)cbiﬂ()?)] (33)
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At— 0

(mi|e A g ~ (¢i|(1 — IHAL)|¢7) =
= (mile)) (1 — iHiAt) =

(34)
= (1 — iH;At)exp [i/dsxﬂi(?)ef)i()?)]

H = / x H(mi(%), (%)) (35)




et Ficld Theory at Finite T and p

Matrix Element

V. L. Yudichev

(mple”"™|pa) =
. N d id i
:N'I”OO/H 7T2 %501 — b
j:
N 36
X exp{—/AtZ/dsx |:H(7Tja¢j) )
j=1

6(¢1 — ¢a) = &1 = ¢a (37)
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Matrix Element

Path integral definition

N—oo

lim /Hd”’d¢’. .:/Dﬂ)qﬁ...
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Path integral definition

lim /Hd”’d¢’. .:/quﬁ... (38)

N—oo

(ppl€"™|¢a) =
¢(X7t):¢b(x)

t v
= /Dﬂ)cz)exp{i/ dt’/dsx (W(Y, Z‘/)agbg;/’t)_
0

¢(x,0)=¢a(x)

H(x(Z. 1), 6(%, t’))) }
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Z = e_ﬁQ — Tr[e_ﬁ(H_NiNi)] —

— / doaipale PP s (40)
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Definition

Z = e_ﬁQ — Tr[e_ﬁ(H_NiNi)] —

— / doaipale PP s (40)

Imaginary time: t=—ir
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Partition Function
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Definition

Z = e_ﬁQ — Tr[e_ﬁ(H_NiNi)] —

— / doaipale PP s (40)

Imaginary time: t=—ir A A
Extended Hamiltonian: H— H— u;N;
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Definition

— / déalale 2 Frf)|g)  (40)

Imaginary time: t=—ir A A
Extended Hamiltonian: H— H— u;N;

Z = /Dw/Dqﬁexp{/oﬁdT/dsx (mgf —H+u,'/\/,-)}

periodic
(41)
¢(X,0) = ¢(X, 3)
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Field Theory at Finite T and p

Free Scalar Field (;x = 0)

Lagrangian
1

£:§

1
Oy OV — §m2¢2
Momentum
oL 0¢

9(00d) Ot

m =
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Lagrangian
1 1
— _ w2 a2
Momentum
o oL _ 0¢
0(0g0) Ot
Her2® o2y 1(v¢)2+1m2<z>2




et Ficld Theory at Finite T and p

V. L. Yudichev Free Scalar Fleld (/,L = O)

Z:/Dw/ngexp{/ dT/d3 <7r—7-{>} (45)

periodic




et Ficld Theory at Finite T and p

V. L. Yudichev Free Scalar Fleld (/,L = O)
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periodic

= ir—s 9 ;0
T T8t Tor
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Z:/Dw/ngexp{/ dT/d3 <7r—7-{>} (45)

periodic
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zz/m/wexp{/ dT/d3 <7T—H>} (45)

periodic

H:%ﬂ'z—i-...

Z_/Dwexp{/ dT/d3 < >}D¢
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/ Drrexp { /0 " dr / x (iwgff - ;7@) }: |
~ [oresp { [0 fax [_; (= i20) -1 (2) ] } :
_ Cexp {_; [o [ (gfy}

V. L. Yudichev

(47)
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A 0y
3 2\ | _

/Dwexp{/o dT/d X<m37'_27r >} =

B8 2 2
:/Dwexp{/ dT/dSX [—; <7r—igj_5> —é(?}f) ]}:

0

3 2
:Cexp{—;/dr/de’x(gf) }

0
Omit C and insert into Z:

Z :/DqSexp {/OBdT/dSX[, <¢>, gf)} (48)

periodic

V. L. Yudichev

(47)
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B
W_/dr/d3x£_
0

_ _;/Oﬁdr/de'x [(gf)z (Vo) + m2¢2] (49)
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W_/OﬁdT/d3X£_
_ —;/Oﬁdr/de'x [(gf)z (V) + m2¢2] (49)

Integration by parts gives

16}
W:/d7/d3x£:

:—/dT/d3X¢XT [ V2+m]¢()?ﬁ)
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Momentum space

o(X T)_\f ST N P (B) (51)

n=-—oo ”

Periodic boundary conditions: #(X,0) = ¢(X, 3)
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Momentum space

o(X T)_\f ; Ze'<PX+wnT>¢ p)  (51)

Periodic boundary conditions: #(X,0) = (X, 3) =

wpB=2rn = wp=27nT, n=0,+1,+2 ... (52)
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V. L. Yudichev Free Scalar Fleld (/,L = O)

Momentum space

o(X T)_\f ST N P (B) (51)

Nn=—o0 ”
Periodic boundary conditions: #(X,0) = ¢(X, 3)
wpf=2rn = wp=2mnT, n=0,+1,+2 ... (52)

Matsubara frequencies for bosons
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e}

__» T Y
W=-3 3 (Bt of) enBonB) (69

N=—o00 ﬁ
wz =
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Free Scalar Field (;x = 0)

e}

W= 3 3 (B4 2) nB)n(

n=—oo ﬁ
W2 = PP 4 P
Z:/ngeW:

(53)



Quantum Fields at
Finite T and p

V. L. Yudichev

Field Theory at Finite T and p

Free Scalar Field (;x = 0)

e}

W= 3 3 (B4 2) nB)n(

N=—o00 ﬁ
wz =
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Gauss form

Z= /D¢ e 2%0% = (det D)2

(57)
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Free Scalar Field (;x = 0)

Gauss form

Z= /D¢ e 2%0% = (det D)2

1
InZ = —élndetD



et Ficld Theory at Finite T and p
Free Scalar Field (u = 0)

V. L. Yudichev

Gauss form

Z= /D¢ e 2%0% = (det D)2

1 1
InZ = —élndetD_ —éTrInD

(57)

(58)



et Ficld Theory at Finite T and p
Free Scalar Field (u = 0)

V. L. Yudichev

Gauss form

Z= / Do e 290 = (det D)2 (57)

InZ = —% Indet D = —%TrInD (58)

nZ = —% S5 [ + ) (59)
-
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InZ = —% 5% i [ﬁz(w,% + wz)} (60)
"B

In [ﬂz(w% + wz)} = /fzijEZm)Z +1In [1 + (271'[7)2}
(61)
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InZ = —% 5% i [ﬁz(w,% + wz)} (60)
n B

In {ﬂz(w% +w2)} = /f%jwzj;;n)z
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Theorem
If the function g(z) and has finite number of simple poles

Sk
9q2)=(z-&) (z-&) (2= &) 1(2),

where r(z) has no poles, & # 2mni and
|zl = oo,

then

Z=
n=—co S

9 N
> g(2rni) = —% ;coth (i") res g(z)
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Z 9(2rni) = Z 7{ 592 coth( ) (63)

nN=—o00

Im z

0

Rez

0000

o

0000

N




et Ficld Theory at Finite T and p

Mathematical Tricks

V. L. Yudichev

€—2mni 2 1 az z
coth( ———— | ~ = S — Z) =
< 2 > o2 anniCOth(z) 1 (64

Im z

O

0000

o

Rez

0000

&
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> g(2wni):nILmOO% f dzig(z)coth (E> (65)

= Ch 2ri 2

Im z

ol

Rez

& & & %
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Z g(2mni) = % <7{C/ zdjig(z) coth (g) +

% §(z) coth (Z)) (66)

cr 27TI

Im z

<
<
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1 az
2 1, 292 00 (5) +
1
t3 9, a9 00 (35) = (67)
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1
X — 22

9(z) =



Quantum Fields at
Finite T and p

V. L. Yudichev

Field Theory at Finite T and p

Mathematical Tricks



et Ficld Theory at Finite T and p

Mathematical Tricks

V. L. Yudichev

(2) 1 Z—27ni = 1
= —
g X —2z2 " X + (2mn)?

Poles of g(2)
&1 = VX, & =—Vx
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(2) = 1 Z—27ni = 1
&)=y "z " X + (2mwn)?
Poles of g(2)
51 — \/)?7 6-2 = _\/)7
“+oo 1

Zoo X+ (27n2

n=—
= —1 coth ﬁ res #+
2 2 ) =yxX— 22

+ coth (ﬂ/}> res ! 2)
2 7=—/x X —2Z
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1
res =7

2v/x
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¢D¢p = /Cm /afT2 / a3 x1 AP X (7, X1) X
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Boson propagator
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(f)*Dgf)E/dﬁ /dTg/d3X1d3X2¢*(T1,;1)X
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S a? B S
07) =53 [ e PDenp) (169
n
Boson propagator
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X P(ry — 72, % — X2)Y(72,%2) (176)

3 . o
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Fermion propagator
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QB(T, 1) =2 (184)




Al Feynman Rules

V. L. Yudichev

Ga(wn, P) = (wh + B° + m?) !
wp=20cT == ===

gF(w”yﬁ) = ;
= [(~iwn + p)vo — P — m]~ s
wn=2n+1)xT

Loop Calculation




Al Feynman Rules
Loop Calculation

V. L. Yudichev

The contribution to Q(2)

- 1 e dSp 1
09 [ ™| o e

n=—oo
X 1 (185)
(—iwn +p)yo — P —m




Al Feynman Rules
Loop Calculation

V. L. Yudichev

The contribution to Q@)

Trp| — . ! — C— L — —
(—iwp — vk + p)yo =P —m (—iwn+p)yo =P — M
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Trp [((—fwn — ivk + p)yo — 7B+ m) ((—iwn + p)yo — Y8+ m)] =
= &((—iwp — vk + p)(—iwn + p) — w® +2n7°)  (187)

d®*p
(_1)7—/(277'[))3 Z X

n=—oo
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(T — s+ 1P = ) (—leon + 1P — o)
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(189)
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V. L. Yudichev

tanh(x + int) = tanh(x) =

wEptive) wt p vk
= tanh (27’) = tanh (27_ ) (198)
vk = 27Kk, k=0,+1,£2,...
()=

1 W+ p w—pu\\ 4w?+m?)
_Tw(tanh <2T)+tanh( 5T )) 4w2+u§

(199)
1 [ d° W+
@_1
27 =3 / @r)w (tanh < 2T > +

+ tanh <wﬂ>> (w2+m2 (200)
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Al Feynman Rules
One-loop fermion diagram

V. L. Yudichev

X ex/2T _ efx/ZT
tanh (57) = Gy g7 =
RGeS
B 1
~exp(x/T)+1

w+u w—p@\
tanh (27_ >+tanh (27_ )_

=2(1 = f(w—p) = flw+p) (203)

1-2f(x) (201)

f(x) (202)

a® 2+ m?
0@ _ / (zﬁ)gw(:wz +”ZE) (1= f(w—p) — flw+p) (204)
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