
Quantum Fields at
Finite T and µ

V. L. Yudichev

Quantum
Statistical
Mechanics
Ensembles

Density Matrix

Entropy and Free Energy

Field Theory at
Finite T and µ
Bosons

Fermions

Feynman Rules
Boson Propagator

Fermion Propagator

Loop Calculation

Quantum Fields at Finite T and µ

V. L. Yudichev

Joint Institute for Nuclear Research, Dubna, Russia

Helmholtz International School
“Dense Matter in Heavy Ion Collisions and Astrophysics”

August, 2006



Quantum Fields at
Finite T and µ

V. L. Yudichev

Quantum
Statistical
Mechanics
Ensembles

Density Matrix

Entropy and Free Energy

Field Theory at
Finite T and µ
Bosons

Fermions

Feynman Rules
Boson Propagator

Fermion Propagator

Loop Calculation

Contents

Quantum Statistical Mechanics
Ensembles
Density Matrix
Entropy and Free Energy

Field Theory at Finite T and µ
Bosons
Fermions

Feynman Rules
Boson Propagator
Fermion Propagator
Loop Calculation



Quantum Fields at
Finite T and µ

V. L. Yudichev

Quantum
Statistical
Mechanics
Ensembles

Density Matrix

Entropy and Free Energy

Field Theory at
Finite T and µ
Bosons

Fermions

Feynman Rules
Boson Propagator

Fermion Propagator

Loop Calculation

Reference

FINITE-TEMPERATURE FIELD THEORY
Joseph I. Kapusta

Cambridge University Press 1989



Quantum Fields at
Finite T and µ

V. L. Yudichev

Quantum
Statistical
Mechanics
Ensembles

Density Matrix

Entropy and Free Energy

Field Theory at
Finite T and µ
Bosons

Fermions

Feynman Rules
Boson Propagator

Fermion Propagator

Loop Calculation

Contents

Quantum Statistical Mechanics
Ensembles
Density Matrix
Entropy and Free Energy

Field Theory at Finite T and µ
Bosons
Fermions

Feynman Rules
Boson Propagator
Fermion Propagator
Loop Calculation



Quantum Fields at
Finite T and µ

V. L. Yudichev

Quantum
Statistical
Mechanics
Ensembles

Density Matrix

Entropy and Free Energy

Field Theory at
Finite T and µ
Bosons

Fermions

Feynman Rules
Boson Propagator

Fermion Propagator

Loop Calculation

Quantum Statistical Mechanics
The Second Law of Thermodynamics

Each process ends in an equilibrium state, while the
entropy increases for the irreversible processes and stays

the same for the reversible.
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I Microcanonical
I Canonical
I Grand canonical
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Macroparameters:
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chemical potentials µi ,
pressure P
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Each point represents an independent system from the
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Quantum state

|n〉, n ≡ {~p, spin, color, flavor, Baryon number, . . .}

ρ̂n — density matrix, 〈n|ρ̂|n〉 = ρ̂n

Trρ̂ ≡
∑

n

ρ̂n = 1 (1)
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Entropy

Definition
S = −Trρ̂ ln ρ̂ ≡ −

∑
n

ρ̂n ln ρ̂n (2)

Determine ρ̂n from the maximum entropy principle

max
ρ̂

S =⇒ ρ̂

at

Tr ρ̂ = 1, (3)
Tr[Ê ρ̂] = E , (4)
Tr[N̂i ρ̂] = Ni , (i = 1,2, . . .) (5)
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Conditional extremum of S corresponds to the absolute
extremum of W :

W = S − a E − bi Ni − c Trρ̂ (6)

δW
δρ̂n

= 0 (7)

− ln ρ̂n − 1− a Ên − bi N̂i;n − c = 0 (8)

Introduce new variables: β, µi , Ω,
and express the Lagrange multipliers through them

a = β

bi = βµi

c = −1− βΩ
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Definition
ln ρ̂n = β(Ω− Ên − µiN̂i;n) (9)

Normalization

Trρ̂ = 1

=⇒ e−βΩ = Tr exp[−β(Ê − µiN̂i)]

(10)

T =
1
β

— temperature

µ — chemical potential
(11)
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Definition (see Eq.(2))

S = −Trρ̂ ln ρ̂

Substitute (9) into (2)

S = β(−Ω + E − µiNi) (12)

From β = T−1 one obtains

Ω = E − µiNi − ST (13)

Ω — free energy
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e−βΩ = Tr exp[−β(Ê − µiN̂1)] (14)

Derivative of (14) over β gives

Ω = E − µiNi − β
∂Ω

∂β
(15)

Comparing (15)

with (13): Ω = E − µiNi − ST

one obtains
S = −∂Ω

∂T
(16)
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S = −∂Ω

∂T

Ni = − ∂Ω

∂µi
(17)

E = Ω + µiNi + ST (18)

Once Ω is known, S, Ni and E are determined

Ω = −PV (19)
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Field Theory at Finite T and µ
Scalar Boson Field

Canonical coordinate

|φ〉 : φ̂a(~x , t = 0)|φ〉 = φa(~x)|φ〉 (20)∫
dφ |φ〉〈φ| = 11 (21)

〈φa|φb〉 = δ[φa − φb] (22)

Canonical momentum

|π〉 : π̂a(~x , t = 0)|π〉 = πa(~x)|π〉 (23)∫
dπ

2π
|π〉〈π| = 11 (24)

〈πa|πb〉 = δ[πa − πb] (25)
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〈x |p〉 = eipx

〈φ|π〉 = exp
[
i
∫

d3x π(~x)φ(~x)

]
(26)

t = 0: |φa〉
Hamiltonian

H =

∫
d3x H(φ, π) (27)

|φa, t〉 = e−iHt |φa,0〉 (28)
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N

(29)

e−iHt = e−iH∆t · 11 · e−iH∆t · 11 · e−iH∆t · 11 · · ·e−iH∆t (30)∫
dφ |φ〉〈φ| = 11

∫
dπ

2π
|π〉〈π| = 11
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〈φb|e−iHt |φa〉 =

= lim
N→∞

∫ N∏
i=1

dπi dφi

2π
〈φb|πN〉〈πN |e−iH∆t |φN〉×

× 〈φN |πN−1〉〈πN−1|e−iH∆t |φN−1〉 × · · ·
· · ·

× 〈φ2|π1〉〈π1|e−iH∆t |φ1〉〈φ1|φa〉

(31)

〈φ1|φa〉 = δ[φ1 − φa] (32)

〈φi+1|πi〉 = exp
[
i
∫

d3 πi(~x)φi+1(~x)

]
(33)
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∆t → 0

〈πi |e−iH∆t |φi〉 ≈ 〈φi |(1− iH∆t)|φi〉 =

= 〈πi |φi〉(1− iHi∆t) =

= (1− iHi∆t) exp
[
i
∫

d3xπi(~x)φi(~x)

] (34)

Hi =

∫
d3x H(πi(~x), φi(~x)) (35)
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〈πb|e−iHt |φa〉 =

= lim
N→∞

∫ N∏
j=1

dπi dφi

2π
δ(φ1 − φa)×

× exp

{
−i∆t

N∑
j=1

∫
d3x

[
H(πj , φj)−

− πj
φj+1 − φj

∆t

]}
(36)

δ(φ1 − φa) =⇒ φ1 = φa (37)
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Path integral definition

lim
N→∞

∫ N∏
i=1

dπi dφi

2π
. . . =

∫
DπDφ . . . (38)

〈φb|e−iHt |φa〉 =

=

φ(x ,t)=φb(x)∫
φ(x ,0)=φa(x)

DπDφexp

{
i
∫ t

0
dt ′
∫

d3x
(
π(~x , t ′)

∂φ(~x , t ′)
∂t ′

−

−H(π(~x , t ′), φ(~x , t ′))
)}

(39)
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Partition Function

Definition

Z ≡ e−βΩ = Tr[e−β(Ĥ−µi N̂i )] =

=

∫
dφa〈φa|e−β(Ĥ−µi N̂i )|φa〉 (40)

Imaginary time: t = −iτ
Extended Hamiltonian: Ĥ → Ĥ − µiN̂i

Z =

∫
Dπ
∫

periodic

Dφexp
{∫ β

0
dτ
∫

d3x
(

iπ
∂φ

∂τ
−H+ µiNi

)}
(41)

φ(~x ,0) = φ(~x , β)
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Field Theory at Finite T and µ
Free Scalar Field (µ = 0)

Lagrangian

L =
1
2
∂µ φ∂

µφ− 1
2

m2φ2 (42)

Momentum
π =

∂L
∂(∂0φ)

=
∂φ

∂t
(43)

H = π
∂φ

∂t
− L =

1
2
π2 +

1
2
(∇φ)2 +

1
2

m2φ2 (44)
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Z =

∫
Dπ
∫

periodic

Dφexp
{∫ β

0
dτ
∫

d3x
(
π
∂φ

∂t
−H

)}
(45)

t = −iτ =⇒ ∂

∂t
= i

∂

∂τ

H = 1
2π

2 + . . .

Z =

∫
Dπ exp

{∫ β

0
dτ
∫

d3x
(

iπ
∂φ

∂τ
− 1

2
π2
)}∫

Dφ(. . .)

(46)
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∫
Dπexp

{∫ β

0
dτ
∫

d3x
(

iπ
∂φ

∂τ
− 1

2
π2
)}

=

=

∫
Dπexp

{∫ β

0
dτ
∫

d3x

[
−1

2

(
π − i

∂φ

∂τ

)2

− 1
2

(
∂φ

∂τ

)2
]}

=

= C exp

{
−1

2

∫ β

0
dτ
∫

d3x
(
∂φ

∂τ

)2
}

(47)

Omit C and insert into Z :

Z =

∫
periodic

Dφexp
{∫ β

0
dτ
∫

d3xL
(
φ,
∂φ

∂τ

)}
(48)
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∫ β

0
dτ
∫

d3xL =

= −1
2

∫ β

0
dτ
∫

d3x

[(
∂φ

∂τ

)2

+ (∇φ)2 + m2φ2

]
(49)

Integration by parts gives

W =

∫ β

0
dτ
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d3xL =

= −1
2

∫ β

0
dτ
∫

d3xφ(~x , τ)
[
− ∂2

∂τ2 −∇
2 + m2

]
φ(~x , τ)

(50)
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Momentum space

φ(~x , τ) =

√
β

V

∞∑
n=−∞

∑
~p

ei(~p~x+ωnτ)φn(~p) (51)

Periodic boundary conditions: φ(~x ,0) = φ(~x , β)

=⇒

ωnβ = 2πn ≡ ωn = 2πnT , n = 0,±1,±2, . . . (52)

Matsubara frequencies for bosons
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W = −β
2

2

∞∑
n=−∞

∑
~p

(
ω2

n + ω2
)
φn(~p)φ∗n(~p) (53)

ω2 = ~p2 + m2

Z =

∫
DφeW =

= C
∫
D exp

(
−1

2
φDφ

) (54)

D = β2
(
− ∂2

∂τ2 −∇
2 + m2

)
(55)

D = β2(ω2
n + ω2)

(56)
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Gauss form

Z =

∫
Dφ e−

1
2φDφ ≡ (det D)−

1
2 (57)

ln Z = −1
2

ln det D

= −1
2

Tr ln D

(58)

ln Z = −1
2

∑
n

∑
~p

ln
[
β2(ω2

n + ω2)
]

(59)
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ln Z = −1
2

∑
n

∑
~p

ln
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β2(ω2

n + ω2)
]

(60)

ln
[
β2(ω2

n + ω2)
]

=

∫ β2ω2

1

dx
x + (2πn)2 + ln

[
1 + (2πn)2

]
(61)

∞∑
n=−∞

1
x + (2πn)2 =? (62)
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Theorem
If the function g(z) and has finite number of simple poles
ξk

g(z) = (z − ξ1)
−1(z − ξ2)

−1 · · · (z − ξN)−1r(z),

where r(z) has no poles, ξk 6= 2πni and

|g(z)| < C
|z|
, |z| → ∞,

then

∞∑
n=−∞

g(2πni) = −1
2

N∑
k=1

coth
(
ξk

2

)
res
z=ξk

g(z)
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n=−∞

g(2πni) =
1
2

∞∑
n=−∞

∮
Cn

dz
2πi

g(z) coth
(z

2

)
(63)
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coth
(
ε− 2πni

2

)
∼ 2
ε
,

1
2

∮
Cn

dz
2πi

coth
(z

2

)
= 1 (64)
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1
2

∮
C̄n

dz
2πi

g(z) coth
(z

2

)
(65)
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n=−∞

g(2πni) =
1
2

(∮
C′

dz
2πi

g(z) coth
(z

2

)
+

+

∮
C′′

dz
2πi

g(z) coth
(z

2

))
(66)
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1
2

∮
C′

dz
2πi

g(z) coth
(z

2

)
+

+
1
2

∮
C′′

dz
2πi

g(z) coth
(z

2

)
=

= −1
2

N∑
n=1

coth
(
ξn

2

)
res
z=ξn

g(z)

(67)
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g(z) =
1

x − z2

, z → 2πni =⇒ 1
x + (2πn)2

(68)

Poles of g(z)

ξ1 =
√

x , ξ2 = −
√

x (69)

+∞∑
n=−∞

1
x + (2πn)2 =

= −1
2

(
coth

(√
x

2

)
res

z=
√

x

1
x − z2 +

+ coth
(
−
√

x
2

)
res

z=−
√

x

1
x − z2

) (70)
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res
z=±

√
x

1
x − z2 = ∓ 1

2
√

x
(71)

+∞∑
n=−∞

1
x + (2πn)2 =

1
2
√

x
coth

(√
x

2

)
(72)

∫ β2ω2

1

1
2
√

x
coth

(√
x

2

)
dx

=

= 2 ln sinh
(
βω

2

)
− 2 ln sinh 1

(73)
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√
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∑
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ei(~p~x+ωnτ)φ2;n(~p) (89)
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W = βV (µ2 −m2)ζ2 − 1
2

∑
n

∑
~p
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D =
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n + ω2 − µ2 −2µωn
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n + ω2 − µ2
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ln Z = βV (µ2 −m2)ζ2 − 1
2

ln det D (95)

ln det D = ln

∏
n

∏
~p

β4
[(
ω2

n + ω2 − µ2
)2

+ 4µ2ω2
n

] =

= ln

∏
n

∏
~p

β4
[
ω2

n + (ω − µ)2
] [
ω2

n + (ω + µ)2
] =

= ln

∏
n

∏
~p

β2
[
ω2

n + (ω − µ)2
]+

+ ln

∏
n

∏
~p

β2
[
ω2

n + (ω + µ)2
]

(96)
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ln Z = βV (µ2 −m2)ζ2−

− 1
2

∑
n

∑
~p

ln
{
β2
[
ω2

n + (ω − µ)2
]}
−

− 1
2

∑
n

∑
~p

ln
{
β2
[
ω2

n + (ω + µ)2
]} (97)

Σ →
∫

ln Z = βV (µ2 −m2)ζ2+

+ V
∫

d3p
(2π)3

[
βω − ln

(
eβ(ω−µ) − 1

)
−

− ln
(

eβ(ω+µ) − 1
)] (98)
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Ω = −V (µ2 −m2)ζ2−

− V
∫

d3p
(2π)3

[
ω − T ln

(
eβ(ω−µ) − 1

)
−

− T ln
(

eβ(ω+µ) − 1
)] (99)

Maximum of entropy = minimum of Ω

∂ω

∂θ
= 0 −→ ζ = 0, |µ| 6= m (100)
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Fermions

ψ(~x , t) =
1√
V

∑
~p

∑
s

√
m
E
×

×
[
b(~p, s)u(~p, s)e−i~p~x + d∗(~p, s)v(~p, s)ei~p~x

]
(101)

(6p −m)u(~p, s) = 0, (6p + m)v(~p, s) = 0 (102)

ū(~p, s)u(~p, s) = 2m (103)
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Lagrangian

L = ψ̄(i 6∂ −m)ψ, 6∂ = γµ∂µ (104)

L = ψ†(iγ0 ∂

∂t
+ i~γ~p −m)ψ (105)

∂µjµ = 0, jµ = ψ̄γµψ (106)

Q =

∫
d3x j0 =

∫
d3x ψ†ψ (107)
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Hamilton approach

Π =
∂L

∂(∂ψ/∂t)
= iψ† (108)

H = Π
∂ψ

∂t
− L = ψ̄(−i~γ~∇+ m)ψ (109)

Partition function

Z = Tre−β(Ĥ−µQ̂) (110)
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Partition function

Z =

∫
Dψ†Dψ×

× exp
{∫ β

0
dτ
∫

d3x ψ̄
[
−γ0 ∂

∂τ
+ i~γ~∇−m + µγ0

]
ψ

}

=

=

∫
Dψ†Dψeψ̄Dψ

D = −γ0 ∂

∂τ
+ i~γ~∇−m + µγ0

D = −iγ0ωn − i~γ~p −m + µγ0

(111)

{ψ,ψ} = {ψ̄, ψ̄} = {ψ̄, ψ} = 0 (112)∫
dψ = 0,

∫
dψ ψ = 1,

∫
dψ† = 0,

∫
dψ† ψ = 1

(113)



Quantum Fields at
Finite T and µ

V. L. Yudichev

Quantum
Statistical
Mechanics
Ensembles

Density Matrix

Entropy and Free Energy

Field Theory at
Finite T and µ
Bosons

Fermions

Feynman Rules
Boson Propagator

Fermion Propagator

Loop Calculation

Field Theory at Finite T and µ
Fermions

Partition function

Z =

∫
Dψ†Dψ×

× exp
{∫ β

0
dτ
∫

d3x ψ̄
[
−γ0 ∂

∂τ
+ i~γ~∇−m + µγ0

]
ψ

}
=

=

∫
Dψ†Dψeψ̄Dψ

D = −γ0 ∂

∂τ
+ i~γ~∇−m + µγ0

D = −iγ0ωn − i~γ~p −m + µγ0

(111)

{ψ,ψ} = {ψ̄, ψ̄} = {ψ̄, ψ} = 0 (112)∫
dψ = 0,

∫
dψ ψ = 1,

∫
dψ† = 0,

∫
dψ† ψ = 1

(113)



Quantum Fields at
Finite T and µ

V. L. Yudichev

Quantum
Statistical
Mechanics
Ensembles

Density Matrix

Entropy and Free Energy

Field Theory at
Finite T and µ
Bosons

Fermions

Feynman Rules
Boson Propagator

Fermion Propagator

Loop Calculation

Field Theory at Finite T and µ
Fermions

ψα(~x , τ) =
1√
V

∑
n

∑
~p

ei(~p~x+ωnτ)ψ̃α;n(~p) (114)

Green’s function

GF (~x , ~y ; τ,0) = Z−1Tr
[
ρ̂Tτ

[
ψ(~x , τ)ψ̄(~y ,0)

]]
(115)

Tτ
[
ψ(~x , τ1)ψ(~y , τ2)

]
=

= ψ(~x , τ1)ψ(~y , τ2)θ(τ1 − τ2)− ψ(~y , τ2)ψ(~x , τ1)θ(τ2 − τ1)
(116)
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K = Ĥ − µQ̂ (117)

β > τ and ρ̂ = e−βK

GF (~x , ~y ; τ,0) = Z−1Tr
[
e−βK Tτ

[
ψ(~x , τ)ψ̄(~y ,0)

]]

= Z−1Tr[ψ(~x , τ)ψ̄(~y ,0)e−βK ]

= Z−1Tr[ψ(~x , τ)e−βK eβK ψ̄(~y ,0)e−βK ]

= Z−1Tr[ψ(~x , τ)e−βK ψ̄(~y , β)]

= Z−1Tr[e−βK ψ̄(~y , β)ψ(~x , τ)]

= −Z−1Tr
[
e−βK Tτ

[
ψ(~x , τ)ψ̄(~y , β)

]]
=

= −GF (~x , ~y ; τ, β)

(118)

ψ(~x ,0) = −ψ(~x , β), ψ̄(~x ,0) = −ψ̄(~x , β) (119)
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[
e−βK Tτ

[
ψ(~x , τ)ψ̄(~y ,0)

]]
= Z−1Tr[ψ(~x , τ)ψ̄(~y ,0)e−βK ]

= Z−1Tr[ψ(~x , τ)e−βK eβK ψ̄(~y ,0)e−βK ]

= Z−1Tr[ψ(~x , τ)e−βK ψ̄(~y , β)]

= Z−1Tr[e−βK ψ̄(~y , β)ψ(~x , τ)]

= −Z−1Tr
[
e−βK Tτ

[
ψ(~x , τ)ψ̄(~y , β)

]]
=

= −GF (~x , ~y ; τ, β)

(118)

ψ(~x ,0) = −ψ(~x , β), ψ̄(~x ,0) = −ψ̄(~x , β) (119)
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GF (~x , ~y ; τ,0) = −GF (~x , ~y ; τ, β) (120)

ψ(~x ,0) = −ψ(~x , β), ψ̄(~x ,0) = −ψ̄(~x , β) (121)

ψα(~x , τ) =
1√
V

∑
n

∑
~p

ei(~p~x+ωnτ)ψ̃α;n(~p)

ωnβ = (2n + 1)π

ωn = (2n + 1)πT

(122)

Matsubara frequencies for fermions
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Z =
∏

n

∏
~p

∏
ν

∫
dψ̃†ν;n(~p)dψ̃ν;n(~p)eW (123)

∑
n

∑
~p

iψ̃†ν;n(~p)Dνλψλ;n(~p) (124)

D = −iβ
[
(−iωn + µ)− γ0~γ~p −mγ0

]
(125)

Z = det D, ln det D = Tr ln D (126)
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ln Z =
∑

n

∑
~p

TrD ln D, TrDO =
∑
νλ

Oνλ (127)

TrD ln
[
−iβ

(
(−iωn + µ)− γ0~γ~p −mγ0

)]

=

= TrD ln [−iβ (−iωn + µ)]− TrD

∞∑
k=1

1
k

(
γ0~γ~p + mγ0

−iωn + µ

)k

(128)
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(γ0~γ~p + mγ0)(γ0~γ~p + mγ0)

= ~p2 + m2

(129)

TrD(γ0~γ~p + mγ0)2k = 4(~p2 + m2)k (130)
TrD(γ0~γ~p + mγ0)2k+1 = 0, k = 0,1,2, . . . (131)

TrD ln
[
−iβ

(
(−iωn + µ)− γ0~γ~p −mγ0)] =

= TrD ln [−iβ (−iωn + µ)]− 4
∞∑

k=1

1
2k

(
~p2 + m2

(−iωn + µ)2

)k

=

= 2 ln
[
β2 (ωn + iµ)2

]
− 2

∞∑
k=1

(−1)k

k

(
~p2 + m2

(ωn + iµ)2

)k

=

= 2 ln
[
β2
(
(ωn + iµ)2 + ω2

)]
(132)
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ln Z = 2
∑

n

∑
~p

ln
[
β2
(
(ωn + iµ)2 + ω2

)]
=

=
∑

n

∑
~p

{
ln
[
β2
(
ω2

n + (ω − µ)2
)]

+

+ ln
[
β2
(
ω2

n + (ω + µ)2
)]}

(133)

ln
[
β2(ω2

n + (ω ± µ)2)
]

=

=

∫ β2(ω±µ)2

1

dx
x + (2n + 1)2π2 + ln

[
1 + (2n + 1)2π2

]
(134)

∞∑
n=−∞

1
x + (2n + 1)2π2 =?



Quantum Fields at
Finite T and µ

V. L. Yudichev

Quantum
Statistical
Mechanics
Ensembles

Density Matrix

Entropy and Free Energy

Field Theory at
Finite T and µ
Bosons

Fermions

Feynman Rules
Boson Propagator

Fermion Propagator

Loop Calculation

Field Theory at Finite T and µ
Fermions

ln Z = 2
∑

n

∑
~p

ln
[
β2
(
(ωn + iµ)2 + ω2

)]
=

=
∑

n

∑
~p

{
ln
[
β2
(
ω2

n + (ω − µ)2
)]

+

+ ln
[
β2
(
ω2

n + (ω + µ)2
)]}

(133)

ln
[
β2(ω2

n + (ω ± µ)2)
]

=

=

∫ β2(ω±µ)2

1

dx
x + (2n + 1)2π2 + ln

[
1 + (2n + 1)2π2

]
(134)

∞∑
n=−∞

1
x + (2n + 1)2π2 =?



Quantum Fields at
Finite T and µ

V. L. Yudichev

Quantum
Statistical
Mechanics
Ensembles

Density Matrix

Entropy and Free Energy

Field Theory at
Finite T and µ
Bosons

Fermions

Feynman Rules
Boson Propagator

Fermion Propagator

Loop Calculation

Field Theory at Finite T and µ
Fermions

ln Z = 2
∑

n

∑
~p

ln
[
β2
(
(ωn + iµ)2 + ω2

)]
=

=
∑

n

∑
~p

{
ln
[
β2
(
ω2

n + (ω − µ)2
)]

+

+ ln
[
β2
(
ω2

n + (ω + µ)2
)]}

(133)

ln
[
β2(ω2

n + (ω ± µ)2)
]

=

=

∫ β2(ω±µ)2

1

dx
x + (2n + 1)2π2 + ln

[
1 + (2n + 1)2π2

]
(134)

∞∑
n=−∞

1
x + (2n + 1)2π2 =?



Quantum Fields at
Finite T and µ

V. L. Yudichev

Quantum
Statistical
Mechanics
Ensembles

Density Matrix

Entropy and Free Energy

Field Theory at
Finite T and µ
Bosons

Fermions

Feynman Rules
Boson Propagator

Fermion Propagator

Loop Calculation

Field Theory at Finite T and µ
Fermions

ln Z = 2
∑

n

∑
~p

ln
[
β2
(
(ωn + iµ)2 + ω2

)]
=

=
∑

n

∑
~p

{
ln
[
β2
(
ω2

n + (ω − µ)2
)]

+

+ ln
[
β2
(
ω2

n + (ω + µ)2
)]}

(133)

ln
[
β2(ω2

n + (ω ± µ)2)
]

=

=

∫ β2(ω±µ)2

1

dx
x + (2n + 1)2π2 + ln

[
1 + (2n + 1)2π2

]
(134)

∞∑
n=−∞

1
x + (2n + 1)2π2 =?



Quantum Fields at
Finite T and µ

V. L. Yudichev

Quantum
Statistical
Mechanics
Ensembles

Density Matrix

Entropy and Free Energy

Field Theory at
Finite T and µ
Bosons

Fermions

Feynman Rules
Boson Propagator

Fermion Propagator

Loop Calculation

Field Theory at Finite T and µ
Mathematical Tricks

Theorem
If the function g(z) and has finite number of simple poles
ξk

g(z) = (z − ξ1)
−1(z − ξ2)

−1 · · · (z − ξN)−1r(z),

where r(z) has no poles, ξk 6= (2n + 1)πi and

|g(z)| < C
|z|
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g(z) =
1

x − z2

, z → (2n + 1)πi =⇒ 1
x + (2n + 1)2π2

(140)

Poles of g(z)

ξ1 =
√

x , ξ2 = −
√

x (141)

+∞∑
n=−∞

1
x + (2n + 1)2π2 =
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(
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x
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√

x

1
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(
−
√

x
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)
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√

x

1
x − z2

) (142)
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z=±

√
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x − z2 = ∓ 1
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√

x
(143)
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x
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(√
x

2
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(144)

∫ β2(ω±µ)2

1

1
2
√

x
tanh

(√
x

2

)
dx

=

= 2 ln cosh
(
β(ω ± µ)

2

)
− 2 ln cosh 1

(145)
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β(ω ± µ)
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e
β(ω±µ)

2 + e
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− ln 2 =
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W [φ] = −ψDψ − V [ψ̄, ψ] (172)

Z [η̄, η] = e
−V

»→
δ

δη̄
,
←
δ

δη

– ∫
Dψ̄Dψ e−ψ̄Dψ+η̄ψ+ψ̄η (173)

ψ → ψ + D−1η, ψ̄ → ψ̄ + η̄D−1

Z [η̄, η] = e
−V

»→
δ

δη̄
,
←
δ

δη

– ∫
Dψ̄Dψ e−ψ̄Dψ+η̄D−1η (174)

Z [η̄, η] = e−βΩ0e
−V

»→
δ

δη̄
,
←
δ

δη

–
eη̄D−1η (175)
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ψ̄Dψ ≡
∫

dτ1

∫
dτ2

∫
d3x1d3x2ψ̄(τ1, ~x1)×

× 6D(τ1 − τ2, ~x1 − ~x2)ψ(τ2, ~x2) (176)

6D(τ, ~x) = β−1
∑

n

∫
d3p

(2π)3 ei(ωnτ+~p~x) 6D(ωn, ~p) (177)

Fermion propagator

GF (ωn, ~p) =
1

6D(ωn, ~p)
=

1
(−iωn + µ)γ0 − ~γ~p −m

(178)
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Example: the sigma model

L =
1
2
(∂µσ∂µσ −M2σ2) + ψ̄(6∂ −m)ψ + gσψ̄ψ (179)

Z =

∫
DσDψ̄Dψe

R
dτ

R
d3xL (180)

Z =

∫
Dσe−βΩF + 1

2

R
dτ

R
d3x(∂µσ∂µσ−M2σ2) (181)

ΩF (T , µ|σ) = −T ln ZF [σ] (182)

ΩF (T , µ|σ) = Ω
(0)
F (T , µ) + Ω

(2)
F (T , µ)σ2 + . . . (183)

Ω
(2)
F (T , µ) =? (184)
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GB(ωn, ~p) = (ω2
n + ~p2 + m2)−1

ωn = 2nπT

GF (ωn, ~p) =
= [(−iωn + µ)γ0 − ~γ~p −m]−1

ωn = (2n + 1)πT

−g
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The contribution to Ω(2)

(−1)β−1
∞∑

n=−∞

∫
d3p

(2π)3 TrD

[
1

(−iωn − iνk + µ)γ0 − ~γ~p −m
×

× 1
(−iωn + µ)γ0 − ~γ~p −m

]
(185)
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The contribution to Ω(2)

TrD

[
1

(−iωn − iνk + µ)γ0 − ~γ~p −m
· 1
(−iωn + µ)γ0 − ~γ~p −m

]
=

=
TrD
[(

(−iωn − iνk + µ)γ0 − ~γ~p + m
) (

(−iωn + µ)γ0 − ~γ~p + m
)]

((−iωn − iνk + µ)2 − ω2) ((−iωn + µ)2 − ω2)
(186)

ω2 = ~p2 + m2
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TrD
[(

(−iωn − iνk + µ)γ0 − ~γ~p + m
) (

(−iωn + µ)γ0 − ~γ~p + m
)]

=

= 4((−iωn − iνk + µ)(−iωn + µ)− ω2 + 2m2) (187)

(−1)T
∫

d3p
(2π)3

∞∑
n=−∞

×

× 4((−iωn − iνk + µ)(−iωn + µ)− ω2 + 2m2)

((−iωn − iνk + µ)2 − ω2) ((−iωn + µ)2 − ω2)
(188)
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∞∑
n=−∞

4((−iωn − iνk + µ)(−iωn + µ)− ω2 + 2m2)(
(ωn + νk + iµ)2 − ω2

) (
(ωn + iµ)2 − ω2

) (189)

∞∑
n=−∞

g((2n + 1)πT ) = − 1
2T

N∑
k=1

tanh
(
ξk

2T

)
res
z=ξk

g(z)

(190)
ωn = (2n + 1)πT
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∞∑
n=−∞

4((−iωn − iνk + µ)(−iωn + µ)− ω2 + 2m2)

((ωn + νk + iµ)2 + ω2) ((−iz + µ)2 + ω2)
=

− 1
2T

4∑
k=1

tanh
(
ξk

2

)
×

res
z=ξk

4((−iωn − iνk + µ)(−iωn + µ)− ω2 + 2m2)

((z − iνk + µ)2 − ω2) ((z + µ)2 + ω2)

(191)

Poles

ξ1 = iνk − µ− ω, ξ2 = iνk − µ+ ω
ξ3 = −µ− ω, ξ4 = −µ+ ω

(192)
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res
ξ1

((z − iνk + µ)(z + µ) + ω2)(
(z − iνk + µ)2 − ω2

) (
(z + µ)2 + ω2

) =

=
1

2ω
iνkω + 2m2

(ω − iνk )2 − ω2 (193)

res
ξ2

((z − iνk + µ)(z + µ) + ω2)(
(z − iνk + µ)2 − ω2

) (
(z + µ)2 + ω2

) =

= − 1
2ω

iνkω + 2m2

(ω + iνk )2 − ω2 (194)
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res
ξ3

((z − iνk + µ)(z + µ) + ω2)(
(z − iνk + µ)2 − ω2

) (
(z + µ)2 + ω2

) =

= − 1
2ω

−iνkω + 2m2

(ω + iνk )2 − ω2 (195)

res
ξ4

((z − iνk + µ)(z + µ) + ω2)(
(z − iνk + µ)2 − ω2

) (
(z + µ)2 + ω2

) =

=
1

2ω
−iνkω + 2m2

(ω − iνk )2 − ω2 (196)
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∑
n

(. . .) =

= − 1
Tω

tanh
(
−ω − µ+ iνk

2T

)
iνkω + 2m2

(ω − iνk )2 − ω2−

− 1
Tω

tanh
(
ω − µ+ iνk

2T

)
iνkω + 2m2

(ω + iνk )2 − ω2−

− 1
Tω

tanh
(
−ω − µ+ iνk

2T

)
−iνkω + 2m2

(ω + iνk )2 − ω2−

− 1
Tω

tanh
(
−ω − µ+ iνk

2T

)
−iνkω + 2m2

(ω − iνk )2 − ω2

(197)
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tanh(x + inπ) = tanh(x)

=⇒

=⇒ tanh
(
ω ± µ± iνk

2T

)
= tanh

(
ω ± µ± iνk

2T

)

(198)

νk = 2πk , k = 0,±1,±2, . . .∑
n

(. . .) =

=
1

Tω

(
tanh

(
ω + µ

2T

)
+ tanh

(
ω − µ

2T

))
4(ω2 + m2)

4ω2 + ν2
k

(199)

Ω(2) =
1
2

∫
d3p

(2π)3ω

(
tanh

(
ω + µ

2T

)
+

+ tanh
(
ω − µ

2T

))
ω2 + m2

(4ω2 + ν2
k )

(200)
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tanh
( x

2T

)
=

ex/2T − e−x/2T

ex/2T + e−x/2T =

= 1− 2
ex/T + 1

= 1− 2f (x) (201)

f (x) =
1

exp(x/T ) + 1
(202)

tanh
(
ω + µ

2T

)
+ tanh

(
ω − µ

2T

)
=

= 2 (1− f (ω − µ)− f (ω + µ)) (203)

Ω(2) =

∫
d3p

(2π)3ω

ω2 + m2

(4ω2 + ν2
k )

(1− f (ω − µ)− f (ω + µ)) (204)
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