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X1 = {E1, N1, V1, …}  => S1(X1)  

X2 = {E2, N2, V2, …}  => S2(X2)  

X = {E, N, V, …} = X1+X2+ …  S = S1+S2+ …  

The combined system is in equilibrium 
provided S has a local maximum  -  
which requires δS = 0 and δ2S < 0: 

=>  The entropy curvature matrices                             have only negative eigenvalues 

T1 = T2 = …  

p1 = p2 = …  
µ1 = µ2 = …  

δS: 

δ2S: 

Basic thermodynamics 

E = E1+E2+ …  

N = N1+N2+ …  

V = V1+V2+ …  

=> 
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entropy 
density 

temperature 

chemical potential 

pressure 

enthalpy density 

Canonical thermodynamics:  <E> and N are specified: 

free 
energy  
density 

Phase coexistence     fT(ρ) has common tangent! 

Then replace S by S’ = S–βE  and require δS’=0 & δ2S’<0 

 - or consider F = -TS’ = E-TS and require δF=0 & δ2F>0 

fT(ρ) 

1 2 

Microcanonical thermodynamics:  E and N are specified: 

Same: 

∂ε2σ  
∂ε∂ρσ  ∂ρ2σ  

∂ρ∂εσ  
< 0 stability 

∂ρ2fT(ρ) > 0 stability 



JRandrup I: Dubna School 2012 

Thermodynamics of non-uniform matter: microcanonical  

Non-uniform charge density 

Non-uniform energy density 

Non-uniform entropy density 

Constant temperature: 

Constant chemical potential: 

Constant pressure: 
=> 
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Equations of state 

Fluid dynamics 

Two-phase EoS  =>  Interface tension 

One-phase EoS  (Maxwell partner) 

Gradient term  =>  Spinodal amplification 

Collisions 

Density moments:  Enhancement 

Application to relativistic nuclear collisions 



QGP 

HG 

Free energy density fT(ρ) 

Density ρ 

spline 

         Equation of state:  
Spline between HG and QGP 

JR: INT 2010 

match f,, f’, f” 

match f,, f’, f” 

∂ρ2fT(ρ) > 0 

∂ρ2fT(ρ) > 0 



Maxwell line 
(tangent) 

QGP 

HG 

A B 1 2 

Free energy density fT(ρ) 

Density ρ 

Two-phase Equation of State 

JR: INT 2010 

critical  
 point 

1 2 A B 

T < Tc 

∂ρ2fT(ρ) < 0 

∂ρ2fT(ρ) > 0 

∂ρ2fT(ρ) > 0 
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Phase diagrams  

(ρ,T) (ρ,ε) 
c.p. 

The construction yields pT(ρ) Fluid dynamics needs p(ρ,ε) 

First tabulate pT(ρ) and εT(ρ) , 
then get p(ρ,ε) by interpolation  



Finite-range (ideal) fluid dynamics 
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Gradient term in free energy density: 
Interface tension γ(T) 

Spinodal dispersion relation 
=> gradient term in the pressure: 

Laplace 
operator 

- easy to insert into a fluid dynamic transport code 

maximum! 
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numerical  
viscosity 

=> 

Interface tension Spinodal growth rate 

Phase diagram in (ρ,ε) plane 

Unstable matter in a box 

40 fm
 

40 fm 
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5 A GeV Pb + Pb (b=0) 

2 A GeV Pb + Pb (b=0) 

Maximum compression (500 events) 

=>  Energy range: 2-4 A GeV? 
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Total baryon number: 

Nth density moment: 

Mean baryon density: 

Evolution of the (net) baryon density ρ(r,t) 

Elab 
Pb Pb 

Elab = 3 A GeV 

b=0 



Maxwell line: common tangent 

QGP 

HG 

1 2 

Free energy density fT(ρ) 

Density ρ 

One-phase Equation of State 

JR: INT 2010 

Construct a corresponding 
one-phase Equation of State 
by replacing each concave 
section by the Maxwell line 

∂ρ2fT(ρ) = 0 

∂ρ2fT(ρ) > 0 

∂ρ2fT(ρ) > 0 
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Density r(x,y,z=0) 

Maxwell EoS: 
    stable 

Two-phase EoS: 
     unstable 

Difference: 
unstable - stable 

Identical initial conditions 

3 A GeV Pb + Pb (b=0) 
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Evolution of the density moments 

Density moment: 

Normalized moment: (dimensionless) 
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SUMMARY 

I: 1st-order phase transition 

Thermodynamics 

Interface tension 

II: Spinodal instabilities  

Equation of state  

Spinodal growth rates 

III:  Nuclear collisions 

Finite-range fluid dynamics 

Collisions: spinodal clumping 

finite-range 
dissipative 
fluid dynamics 


