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(ρ,T) phase diagram of strongly interacting matter Possible  
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Thermodynamics:  
large & uniform systems 

Small & non-uniform: 
gradient effects, 
interface tension  

Lecture I:    Phase coexistence (equilibrium) 

S(    ) S(           ) ≠ 

σ(ρ) 



JRandrup: Dubna School II, 2012 

Equation of state:  
interpolate between hadron gas and quark-gluon plasma 

Spinodal instabilities: 
fluid dynamics, growth rates  

Lecture II:   Phase separation (non-equilibrium) 
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Equation of State 

Confined phase: 
Hadron gas 

Deconfined phase: 
Quark-gluon plasma 

? 

T > Tc 

T = Tc 

T < Tc 

T = 0 



Hadron Gas versus Quark-Gluon Plasma      
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+ compressional energy density: 

Free pions, nucleons, and antinucleons: Free gluons, quarks, and antiquarks: 

Phase crossing: 
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Hadron Gas versus Quark-Gluon Plasma      

Phase crossing Phase “boundaries’’ 

[Igor Iosilevskiy] 

! 
LG LG 



QGP 

HG 

Free energy density fT(ρ) 

Density ρ 

spline 

         Equation of state:  
Spline between HG and QGP 
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match f,, f’, f” 
common 
tangent 
(or not) 

match f,, f’, f” 



Maxwell line 
(tangent) 

QGP 

HG 

A B 1 2 

Free energy density fT(ρ) 

Density ρ 

spline 

Equation of State: spline 
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critical  
 point 

1 2 A B 

T < Tc 
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Thermodynamic relations 

Isentropic sound speed 

Isothermal sound speed 

Enthalpy density 
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Ideal fluid dynamics without conserved charges 

Energy-momentum tensor: 

E 

M 

Non-relativistic flow (v << 1): : 
E 
M 

Sound equation 

Equation of state:  p0(ε) 

(sound speed)2 

η, ζ, κ = 0 
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Small disturbance in a 
uniform stationary fluid 

First order in δε:	



Evolution of small disturbances 

=>  v << 1 

Sound equation: 

Harmonic disturbance: 

Dispersion relation: 

Diverges for large k! 
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Ideal fluid dynamics with one conserved charge 

E 

M 

Sound equation 

Continuity equation C

Tµν(x): 

η, ζ, κ = 0 

ρ tracks ε when κ=0 E & C => 

=> 

Dispersion relation => => 

Diverges for large k! 
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Inclusion of gradient correction 

=> 

=> 

=> 

=> 

resists 
wriggling 

maximum! 
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Viscous fluid dynamics with one conserved charge 

E 

M 

Sound equation 

Continuity equation C

Tµν(x): 

=> 

E & C => 

κ = 0 

ρ tracks ε when κ=0 

=> 

=> Dispersion relation 

η, ζ > 0 



Dissipative fluid dynamics 
A Muronga, PRC 76, 014909 (2007)    Energy- 

momentum 
   tensor: 

Equations 
of motion: 

  Sound 
equation: 

Heat flow: 

Equation 
 of state: 

charge 

momentum 

energy 
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Eckart frame 

& & 

Dispersion 
 equation: 

η, ζ, κ > 0 

=> 



Transport coefficients 

1) Bulk viscosity ζ: Ignore  

2) Shear viscosity η:  

3) Heat conductivity κ:  
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*) V Koch & J Liao, PRC81, 014902 (2010)  

*)  



Dispersion equations: 

Ideal fluid 
dynamics: 

+ gradient 
     term: 

+ shear & bulk 
      viscosity: 

+      heat 
   conduction: 
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Evolution of density fluctuations 
with dissipative fluid dynamics 

Ak ~ exp(-iωkt) 

<= 

<= 

<= 

κ	





Spinodal growth rates 
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Fastest growth rates: 

(ρ,T): =>   γk(ρ,T) 


