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• A bit of history of the Statistical Approach to RHIC 

• A few words on statistical models

• About the VdWaals equation of state

• The induced surface tension in hadron resonance gas

• Confinement model and the role of surface tension of QGP bags

• Determination of surface tension from lattice QCD

• Exactly solvable model of Quark Gluon Bags with Surface Tension

• Conclusions

Outline
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Statistical Approach: Gas of Bags
1965  Hagedorn suggested an exponentially growing mass spectrum for heavy 

hadrons. The model led to the idea of limiting temperature for hadrons.

1974  MIT Bag model is proposed. It treats hadrons as QG bags.                        
A.Chodos et. al., Phys. Rev. D 9, (1974) 3471.  

1975 Cabbibo and Parisi conjectured that limiting temperature evidences for the  
new physics above T_H. The relevant d.o.f. are quarks and gluons. 

1981 Kapusta showed that MIT Bags have the Hagedorn mass spectrum.            
The Gas of Bags model is suggested. It unifies the three previous ideas.                  
Hence, heavy hadrons = QGP bags.      PRD 23 (1981) 2444. 

1981 An exact analytical solution of the Gas of Bags Model (GBM) is found.         
The conditions for 1-st, 2-nd order deconfinement PT are discussed.           
M.I.Gorenstein, V.K. Petrov and G.M. Zinovjev, Phys. Lett. B 106 (1981) 327.

2004 Shift of the paradigm: from noninteracting quarks and gluons inside QGP to 
strongly interacting QGP = sQGP (liquid-like phase)

QCD era begins!

sQGP era begins!
3



QCD EoS is unknown beyond CEP 
The Future of Quark Matter at RHIC

higher luminosity + detector upgrades !

how does this new plasma work? Barbara Jacak

Stony Brook

Temperature
T

baryonic 
chemical
potential

QGP is a dense phase, i.e. it is liquid-like!

But in contrast to our everyday experience (boiling water) 
QGP appears at  higher temperatures!

Phase transition

Cross-over
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Strategy to build up sQGP EoS

• Extend an exactly solvable model with PT 
(Gas of Bags Model) to describe QGP liquid

• Use universality properties of liquid-gas EoS 
and study QCD phase diagram 

• Generalize exact solutions to finite systems 
and define finite volume analogs of phases

• Formulate PT signals for finite systems
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What do we need to include into QGP EoS
Short range repulsion - 
otherwise no QGP exists 

at high T!

Ideal hadron gas  has higher 
pressure and energy density 

than QGP!

Surface tension of QGP bags since they are similar to liquid droplets!

Use the fact that real gases consist of droplets of all possible sizes!

Model the color confinement!

Statistical Approach: Gas of Bags Model
• 1981 An exact analytical solution of the Gas of Bags Model (GBM) is found.  

Roughly it is Hagedorn model with finite volume fireballs. Between fireballs there 
is hard core repulsion a la VDW.  GBM employs the eigen volumes of bags and 
not their excluded volumes. M.I. Gorenstein, V.K. Petrov and G.M. Zinovjev, Phys. Lett. 

B 106 (1981) 327.

• 1982-84 Several works on GBM.  Major result: mass-volume spectrum of MIT 
Bag Model is derived                                                                                               

• M.I. Gorenstein, G.M. Zinovjev, V.K. Petrov and V.P. Shelest, Teor. Mat. Phys. 52 (1982)

346.     
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where

f(T, s) =

∫ ∞

0
dmdv ρ(m, v) exp(−vs) φ(T, m) . (18)

The pressure is again given by the farthest-right singularity: p(T ) = Ts∗(T ). One evident singular point of Ẑ(s, T )
(17) is the pole singularity, sH(T ):

sH(T ) = f (T, sH(T )) . (19)

As mentioned above this is the only singularity of Ẑ(s, T ) if one restricts the mass-volume bag spectrum to a finite
number of states. For an infinite number of mass-volume states the second singular point of Ẑ(s, T ) (17), sQ(T ), can
emerge, which is due to a possible singularity of the function f(T, s) (18) itself. The system pressure takes then the
form:

p(T ) = Ts∗(T ) = T · max{sH(T ), sQ(T )} , (20)

and thus the farthest-right singularity s∗(T ) of Ẑ(s, T ) (17) can be either the pole singularity sH(T ) (19) or the sQ(T )
singularity of the function f(T, s) (18) itself. The mathematical mechanism for possible phase transition (PT) in our
model is the ”collision” of the two singularities, i.e. sH(T ) = sQ(T ) at PT temperature T = TC (see Fig. 1) 1. In
physical terms this can be interpreted as the existence of two phases of matter, namely, the hadron gas with the
pressure, pH = TsH(T ), and the quark gluon plasma with the pressure pQ = TsQ(T ). At a given temperature T
the system prefers to stay in a phase with the higher pressure. The pressures of both phases are equal at the PT
temperature TC .

An important feature of this modeling of the phase transition should be stressed here. The transition, and thus the
occurrence of the two phases of matter, appears as a direct consequence of the postulated general partition function
(a single equation of state). Further on, the properties of the transition, e.g. its location and order, follow from the
partition function and are not assumed. This can be confronted with the well-known phenomenological construction
of the phase transition, in which the existence of the two different phases of matter and the nature of the transition
between them are postulated.

The crucial ingredient of the model presented here which defines the presence, location and the order of the PT is
the form of the mass-volume spectrum of bags ρ(m, v). In the region where both m and v are large it can be described
within the bag model [8]. In the simplest case of a bag filled with the non-interacting massless quarks and gluons one
finds [19]:

ρ(m, v) " C vγ(m − Bv)δ exp

[

4

3
σ1/4

Q v1/4 (m − Bv)3/4

]

, (21)

where C, γ, δ and B (the so-called bag constant, B ≈ 400 MeV/fm3 [9]) are the model parameters and

σQ =
π2
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gqq̄

)
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(

2 · 8 +
7

8
· 2 · 2 · 3 · 3

)

=
π2

30

95

2
(22)

is the Stefan-Boltzmann constant counting gluons (spin, color) and (anti-)quarks (spin, color and u, d, s-flavor)
degrees of freedom. This is the asymptotic expression assumed to be valid for a sufficiently large volume and mass of
a bag, v > V0 and m > Bv + M0. The validity limits can be estimated to be V0 ≈ 1 fm3 and M0 ≈ 2 GeV [20]. The
mass-volume spectrum function:

ρH(m, v) =
n

∑

j=1

gj δ(m − mj) δ(v − vj) (23)

should be added to ρ(m, v) in order to reproduce the known low-lying hadron states located at v < V0 and m <
BV0 + M0. The mass spectra of the resonances are described by the Breit-Wigner functions. Consequently, a general
form of f(T, s) (18) reads:

f(T, s) ≡ fH(T, s) + fQ(T, s) =
n

∑

j=1

gj exp(−vjs) φ(T, mj) +

∫ ∞

Vo

dv

∫ ∞

Mo+Bv
dm ρ(m, v) exp(−sv)φ(T, m) , (24)

1 Note that the same technique has been recently used to describe the liquid-gas PT connected to the multi-fragmentation phenomena in
intermediate energy nucleus-nucleus collisions [17, 18].

Interaction: Hard core repulsion a la VDW

Excluded Volume (per particle) of hard core 
potential of radius R is 4 eigen volumes!

Eigen volume approximation 
means that bags are deformable! 

Is good for high densities!

Attraction: is accounted by many sorts of 
clusters and by their chemical  equilibrium.

Same

Like in SBM
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FIG. 12: Pressure of baryon–free matter as a function of temperature. The solid and dotted lines

show pressure of the HP calculated with v = 1 fm3 and v = 0, respectively. The dashed line shows

pressure of the QGP calculated with B = 344MeV/fm3 and ξ = 0.2.

those in the equation of state EOS-I used in Refs. [36, 37]. The dashed line shows metastable

states of the HP extended into the region of large ε. At such energy densities, a much harder

EOS of the HP is predicted compared to the calculation with v = 0 (shown by the dotted

line). On the other hand, both calculations give similar results at low ε. In fluid–dynamical

simulations of heavy–ion collisions [36, 37, 38] two scenarios, with and without the phase

transitions, are often compared to check the sensitivity of observables to the EOS. However,

from comparing the dashed and dotted lines in Fig. 13, it is evident that such analysis could

be misleading if the role of repulsion in a dense hadronic system is ignored.

The sound velocity cs is an important characteristic of the EOS which gives the speed of

small perturbations of matter in its local rest frame. Within the ideal hydrodynamics the

sound velocity squared is equal to [12]

c2
s =

(
∂P

∂ε

)

σ

=

(
∂P

∂ε

)

n

+
n

w

(
∂P

∂n

)

ε

, (23)

where σ = s/n is the entropy per baryon and w = ε + P is the enthalpy density. In the

second equality we have applied the thermodynamic relation (nS = 0):

dσ =
1

nT
(dε −

w

n
dn) . (24)
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Basics of the VdWaals EOS

EOS FOR THE TWO-COMPONENT VAN DER WAALS GAS

P =
N T

V − N b︸ ︷︷ ︸
repulsion

−
N2a

V 2
︸ ︷︷ ︸

attraction

or
(

P +
N2a

V 2

)
(V − N b) = NT

This VdWaals equation cannot be derived rigorously. It is a postulate.

It can be obtained (heuristically) in 3 steps:

(I) GET low density expansion for P by accounting for binary collisions only

(II) WRITE VdWaals equation for low densities, when expansion is valid

(III) EXTRAPOLATE it to any density

Since at low density expansion can be written in many ways

⇒ There many high density extrapolations!

ISSN 0503-1265. Укр. фiз. журн. 2008. Т. 53, N 3 3
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Van der Waals equation
From Wikipedia, the free encyclopedia

The van der Waals equation is an equation of state for a fluid composed of particles that have a non-zero

volume and a pairwise attractive inter-particle force (such as the van der Waals force.) It was derived by

Johannes Diderik van der Waals in 1873, who received the Nobel prize in 1910 for "his work on the

equation of state for gases and liquids". The equation is based on a modification of the ideal gas law and

approximates the behavior of real fluids, taking into account the nonzero size of molecules and the

attraction between them.

Contents

1 Equation
2 Validity
3 Derivation

3.1 Conventional derivation
3.2 Statistical thermodynamics derivation

4 Other thermodynamic parameters
5 Reduced form
6 Cubic equation
7 Application to compressible fluids
8 Maxwell equal area rule
9 See also
10 References
11 External links

Equation

The first form of this equation is

where

p is the pressure of the fluid
v is the volume of the container holding the particles
divided by the total number of particles
k is Boltzmann's constant
T is the absolute temperature
a' is a measure for the attraction between the particles
b' is the average volume excluded from v by a particle

Upon introduction of the Avogadro constant NA, the number of

moles n, and the total number of particles nNA, the equation

can be cast into the second (better known) form

The van der Waals isotherms: the model

correctly predicts a mostly incompressible

liquid phase, but the oscillations in the

phase transition zone do not fit

experimental data.

EOS FOR THE TWO-COMPONENT VAN DER WAALS GAS

VdWaals EOS is nonstatistical (=classical), but it is simple and

it is a first example of the critical point model!

Consider the reduced form of the one component VdWaals EOS:

(
pR +

3
v2

R

) (
vR −

1
3

)
=

8
3

TR with

TR =
T

Tc
, pR =

p

pc
, vR =

ρc

ρ

Tc =
8 a

27 b
, pc =

a

27 b2
, ρc =

1
3 b

Critical parameters follow from
(

∂pR

∂vR

)

Tc

= 0,
(

∂2pR

∂v2
R

)

Tc

= 0

ISSN 0503-1265. Укр. фiз. журн. 2008. Т. 53, N 3 7
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Law of Corresponding States

Law of corresponding states:

Although VdWaals EOS behavior 

contradicts 

the 2-nd Van Hove axiom of 

statistical mechanics it was 

important to formulate the law of 

corresponding states!

9/29/11 8:14 AMVan der Waals equation - Wikipedia, the free encyclopedia

!"#$%&'$ 7 &( 9http://en.wikipedia.org/wiki/Van_der_Waals_equation

Application to compressible fluids

The equation is also usable as a PVT equation for compressible fluids (e.g. polymers). In this case specific

volume changes are small and it can be written in a simplified form:

where

p is the pressure
V is specific volume
T is the temperature
A, B and C are parameters.

Maxwell equal area rule

Below the critical temperature (T’ < 1) an isotherm of the Van der Waals equation oscillates as shown.

Along the red portion of the isotherm 

 which is unstable; the

Van der Waals equation fails to describe

real substances in this region because the

equation always assumes that the fluid is

uniform while between a and c on the

isotherm it becomes more stable to be a

coexistence of two different phases, a

denser phase which we normally call

liquid and a sparser phase which we

normally call gas. To fix this problem

James Clerk Maxwell (1875) replaced

the isotherm between a and c with a

horizontal line positioned so that the

areas of the two hatched regions are

equal. The flat line portion of the

isotherm now corresponds to liquid-

vapor equilibrium. The portions a–d and

c–e are interpreted as metastable states

of super-heated liquid and super-cooled

vapor respectively.[3]

Maxwell justified the rule by saying that

work done on the system in going from c to b should equal work released on going from a to b. (Area on a

PV diagram corresponds to mechanical work). That’s because the change in the free energy function A(T,V)

equals the work done during a reversible process the free energy function being a state variable should take

on a unique value regardless of path. In particular, the value of A at point b should calculate the same

regardless of whether the path came from left or right, or went straight across the horizontal isotherm or

around the original Van der Waals isotherm. Maxwell’s argument is not totally convincing since it requires

a reversible path through a region of thermodynamic instability. Nevertheless, more subtle arguments based

on modern theories of phase equilibrium seem to confirm the Maxwell Equal Area construction and it

Maxwell's rule eliminates the oscillating behavior of the isotherm in

the phase transition zone by defining it as a certain isobar in that

zone.

There exist universal functions 

(Z=PV/(RT) or  similar ones) 

that show a universal behavior 

on reduced quantities for all 

substances within the same 

universality class!
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Why the Van der Waals EoS is Wrong?

The real gases consist of droplets of all possible sizes!
Experiments and exactly solvable models of liquid states show that

 Fisher Droplet Model (FDM)-

Condensation of gases

M. Fisher,  
Physica 3 (1967);
J.B. Elliott et al,  
nucl-ex/0608022 
(2006)

Describes the gas only! 

NO liquid phase!

 Statistical Multifragmentation 
Model (SMM)

[without Coulomb interaction]- 
Liquid-Gas PT in nuclear matter

J. P. Bondorf et al, 
Phys. Rep. 257(1995);

K.A.B., Phys. Part. 
Nucl. 38 (2007);

Elaborate model, but liquid 
phase has limiting density! 

⇒problems at high pressure!

Real gas =         +       +            +               ...
Only this fact explains the reason of how the liquid appears from gas!

Despite all problems these models describe the (tri)critical endpoint 
very well, since they account for vanishing surface tension at endpoint!
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AntiRandrup & CoLaw of Corresponding States

Law of corresponding states:

Although VdWaals EOS behavior 

contradicts 

the 2-nd Van Hove axiom of 

statistical mechanics it was 

important to formulate the law of 

corresponding states!
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2. The mechanically unstable part of 
VdW isotherms does not correspond

to a HOMOGENEOUS matter!

In physics (and in stat.mechanics) the 
matter is DISCRETE! Recall systems of 

hadrons, of nuclei, of electrons e.t.c. 
Homogeneity is

always a question of scale. 

3. J. Randrup & Co convert this homogeneous matter into 
droplets with some tricks.

But the elaborate statistical models of phase transitions are dealing not with 
the molecules, but with droplets of all possible sizes. These are relevant dof!

4. In hydrodynamics the evolution of supercooled droplets is well known 
from works of L. van Hove, M. Gyulassy, H. Bartz, L. Csernai e.t.c.

Therefore, it is unclear why J. Randrup & Co need an approximated 
(linearized) hydro, if we have deflagration and detonation!

10



More to AntiRandrup & Co
5. Suppose we have to accurately model the QCD (tri)critical endpoint

obtained by lQCD. Then we cannot use the VdWaals EOS because 
it has different exponents than QCD (tri)critical endpoint. 

From my experience the choice of critical indices defines very strong
restrictions on the statistical model parameters! If you use the wrong 
exponents, then you cannot properly describe thermodynamics data! 

     Classical Critical Exponents

EOS FOR THE TWO-COMPONENT VAN DER WAALS GAS

VdWaals EOS is nonstatistical (=classical), but it is simple and

it is a first example of the critical point model!

Consider the reduced form of the one component VdWaals EOS:

(
pR +

3
v2

R

) (
vR −

1
3

)
=

8
3

TR with

TR =
T

Tc
, pR =

p

pc
, vR =

ρc

ρ

Tc =
8 a

27 b
, pc =

a

27 b2
, ρc =

1
3 b

Critical parameters follow from
(

∂pR

∂vR

)

Tc

= 0,
(

∂2pR

∂v2
R

)

Tc

= 0

VdWaals exponents: α′ = 0, β = 1
2
, γ′ = 1, δ = 3

ISSN 0503-1265. Укр. фiз. журн. 2008. Т. 53, N 3 7

7

2d Ising model Simple liquids 3d Ising model
α′ 0 0.09-0.11 0.1096± 0.0005
β 1

8 0.32-0.35 0.3265± 0.0001
γ′ 7

4 1.2-1.3 1.2373± 0.0002
δ 15 4.2-4.8 4.7893± 0.0008

TABLE I: The critical indices of simple liquids [41], 2-
dimensional Ising model [41] and 3-dimensional Ising model
[42].

χ
ξT

τ
κ
ζ

Ising model
2D 3D
0 0

8
15 ≤ ξT ≤ 1 1.0579(6)

31
16 1.8272(5)

2κ ≥ 1
ξT κ ≥ 0.4999

2κ κ1.8903(7)

Simple liquids
A B

0 < χ < 8
23 0

20
19 1.0526± 0.0055

20
11 + χ 23

44 1.8255± 0.0212
(τ − 1) 437

720 κ ≥ 0.4947
44
23κ κ(1.92± 0.026)

TABLE II: The QGBSTM parameters that describe the cor-
responding exponents given in the Table I.

obtained directly from Eq. (35). Second, from (36) it
follows that the index τ ≈ 1.826 ± 0.02 has a very nar-
row range for the set B of simple liquids and for the 3-
dimensionl Ising model (see the Table II). Both of these
consequences are important for the QCD with 3 degener-
ated quark masses since its universality class is expected
to match the class of the 3-dimensionl Ising model [2, 17].
Nearly the same value of the index τ was already pre-
dicted within the SMM [34]. Note, however, that within
the SMM the index α′ = 0 and hence this model can-
not reproduce the critical exponents of both the simple
liquids and Ising model. Therefore, the value τ ≈ 1.828
in the SMM was obtained from the description of the
indices β, γ′ and δ for ordinary liquids [34], whereas
the index α′ was necessarily replaced by the special ex-
ponent α′

s [36] which in this case has very large values
α′

s ∈ 0.373 − 0.461 (see Eq. (28) [34] for α′
s) which are

simply inconsistent with the α′ values for ordinary liq-
uids and for Ising model. On the contrary, the latter can
be reproduced within the QGBSTM because Eq. (20)
provides such a possibility.

The range of values of the Fisher index τ ∈ (20/11, 2)
found in this section provides one with the important
consistency check of the model results. If, for instance,
the found τ values were less than 3/2, then the PT at
triCEP would have not the second order, but the third
or higher order [8] and we would arrive at contradiction.
Thus, the found range of the index τ is well consistent
with the second order PT at the endpoints of the 3-
dimensional Ising model and ordinary liquids.

IV. THE SCALING RELATIONS OF THE
QGBSTM

The well known exponent inequalities were proven for
real gases by

Fisher [38] : α′ + 2β + γ′ ≥ 2, (37)
Griffiths [39] : α′ + β(1 + δ) ≥ 2, (38)

Liberman [40] : γ′ + β(1− δ) ≥ 0. (39)

The corresponding exponent inequalities for magnetic
systems are often called Rushbrooke, Griffiths and
Widom inequalities, respectively. These inequalities are
traditionally believed to play a fundamental role in the
modern theory of critical phenomena. However, the real
situation with the scaling inequalities (37)–(39) is not
that trivial as it is often presented in the textbooks.
Moreover, a long time ago it was found [36] that the
traditional definition of the exponent α′ given by (12)
may lead to somewhat smaller value than 2 staying on
the right hand side of Eqs. (37) and (38). A similar re-
sult was analytically found for the SMM [34, 35], which
shows that for the standard set of the SMM parameters
[23, 24] the right hand side of inequalities (37) and (38)
should be replaced by 15

8 . Therefore, it is interesting to
verify the scaling inequalities for the QGBSTM indices
obtained here.

Despite the usual expectations, the QGBSTM criti-
cal exponents do not obey the traditional scaling rela-
tions in general. Again, as in the SMM case, the Fisher
and Griffiths inequalities are not always fulfilled, whereas
the Liberman inequality is fulfilled for any values of the
model parameters. Indeed, let’s demonstrate the validity
of the Liberman inequality (39) first. For simplicity, con-
sider the case δ|χ=0 = τ−1

2−τ of Eq. (33), which is realized
for χ = 0. As it was mentioned in the preceding section
the QGBSTM indices β, γ′ and δ|χ=0 for this case coin-
cide with the corresponding exponents of the SMM and,
hence, as in the SMM case [34], the Liberman inequality
is fulfilled within the present model for any choice of α′.
This, however, can be shown from the explicit expres-
sions for the indices β, γ′ and δ|χ=0, i.e. from Eqs. (26),
(28) and (33). Using these equations one obtains

γ′+β(1−δ) = −
min

(
0, ζ

κ min(τ − 1, κ)− 1
ξT

)

2− τ
≥ 0, (40)

where the validity of the right hand side of (40) easily
follows now from the inequalities min(0, . . .) ≤ 0 and
τ < 2. The Liberman relation analysis for other values
of the index δ gives the same result. Using the Liberman
inequality and the explicit expressions for the QGBSTM
critical exponents one can get the following result for the
Fisher and Griffiths inequalities

α′+β(δ+1) ≤ α′+2β+γ′ = 2+
ζ

κ−2 min
(

1,
1
ξT

)
, (41)

which holds for any value of the index χ. This equa-
tion clearly demonstrates that the Fisher and Griffiths

2

O(3) O(4)
α′ -0.115(9) -0.19(6)
β 0.3645(25) 0.38(1)
γ′ 1.386(4) 1.44(4)
δ 4.802(37) 4.82(5)

Таблица III: The critical exponents of the O(3) and O(4) models.

O(3) O(4)
1

ξT 1.7505(10) 1.820(61)
ζ
κ 2.115(11) 2.200(45)
τ 1.8277 1.8277 ∈ (1.8277, 2) 1.8(27) 1.8(27) ∈ (1.8(27), 2)
ζ 2.115(11)κ 1.7505 2.115(11)κ 2.200(45)κ 1.82 2.200(45)κ
κ ∈ [τ − 1, 1) 0.8277 ∈ [τ − 1, 1) ∈ [τ − 1, 1) 0.8(27) ∈ [τ − 1, 1)
χ 0 0 ∈ [2.115τ − 3.8655,∞) 0 0 ∈ [2.2τ − 4.02,∞)

Таблица IV: The QGBSTM1 parameters which generates critical exponents of the O(3) and O(4) models (see Table ).

Classical critical exponents are generated by mean field 

approximation which does not account for statistical fluctuations 

=> Such systems are called non-statistical 

Problem to solve: calculate VdWaals critical exponents using 

Sect. 77 of Rumer & Ryvkin book

43

Relevant to QCDRecall A. Ivanytskyi talk on exponents
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Even More to AntiRandrup & Co
6. The reason of why VdWaals EOS  has a wrong mechanism of

 the critical endpoint generation is in the absence of surface tension

7. What should we do in finite systems we are dealing with? 
 In finite systems the phase transitions (in strict statistical sense) 

do not exist. True statistical models do show such a behavior.
More to AntiRandrup & Co

5. What should we do in finite systems we are dealing with? 

 In finite systems the phase transitions (in strict statistical sense) do 

not exist. True statistical models do show such a behavior.

P P P

Infinite system Finite system  System of any size

Statistical EOS
with PT

Statistical EOS
with PT

VdW EOS
with PT

However, VdWaals EOS has a phase transition even at vanishing 
volume of the system! Therefore, I do not understand  such a logic:  
according to J. Randrup & Co one has to use VdWaals EOS  in a 

finite system and, thus, to generate a phase transition which does not 
exist in it. What for?

12



Source of Induced Surface Tension
3

Pressure of N-sorts particles with hard core radii Rk up to 2-nd virial coefficient

p(T, µ) ≈ T
N∑

k=1

φke
µk
T (1 −

N∑

n=1

akn φn e
µn
T ), φn(T ) is thermal particle density

akn is the 2-nd virial coefficient between hard core radii Rk and Rn

akn =
2
3π

(Rk + Rn)3 =
2
3π

(R3
k + 3R2

kRn + 3RkR2
n + R3

n)

Usual VdWaals approximation: the pressure is extrapolated to high density as

p =
N∑

k=1

pk ≈ T
N∑

k=1

φke
µk
T

(
1 −

N∑

n=1

akn
pn

T

)
≈ T

N∑

k=1

φk exp

[
µk

T
−

N∑

n=1

akn
pn

T

]

But it is not unique procedure! Substituting ank and regrouping terms we have

p ≈ T
N∑

k=1

φke
µk
T

[
1 −

4
3

πR3
k ·

N∑

n=1

φne
µn
T − 4πR2

k ·
N∑

n=1

Rnφne
µn
T

]

= T
N∑

k=1

φke
µk
T

[
1 −

4
3

πR3
k ·

p

T
− 4πR2

k · W1

]

# T
N∑

k=1

φke
µk
T exp



−
4
3

πR3
k ·

p

T︸ ︷︷ ︸
volume part

− 4πR2
k · W1︸ ︷︷ ︸

surface part



 , with W1(T, µ) =
N∑

k=1

Rkφke
µk
T
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Hadronic Surface Tension

I. Hard core repulsion => the energy part of surface free energy

II. The attraction => the entropy part of surface free energy

V. Sagun, A. Ivanytskyi, K.A.B., I.N. Mishustin in preparation 

D. Oliinychenko, K.A.B., A.S. Sorin, arXive:1204.0103 hep-ph

 Hadron Resonance Gas with surface tension 

4

Collision energies set,
√

SNN χ2/NDF with surface tension σ0, MeV fm−2 T0, MeV
2.7 - 7.6 25.8043/31 = 0.832 0.91 · 10−2 61
2.7 - 200 103.036/80 = 1.288 −1.37 · 10−2 57

2.7 - 62.4 (no 130 and 200) 85.268/63 = 1.3534 −3.21 · 10−2 62
12, 17, 62.4, 130, 200 62.1454/35 = 1.776 0.654 147

Table 1: Results of the global fit, including the extracted surface tension parameters.

Surface free energy like in Fisher droplet model:

Fsurf = σ0

(
− T

T0

)
4πRk, k ∈ {Baryons, Mesons}

where a zero approximation of the Eq.(5) was used p(T, µ) = T
∑N

k=1 φke
µk
T and

introduced the next designations:

W1(T, µ) =
1
2

N∑

k=1

Rkφke
µk
T W2(T, µ) =

N∑

k=1

R2
kφke

µk
T . (5)

For receiving the final expression for pressure it is necesarry to define one-
particle partition function of the k−nucleon fragment φk. It can be expressed as
multiplication of the thermal ψk and intrinsic zk partition functions. In spite of
this V φk value is a k−nucleon fragment density in the phase space. In the thermal
part nonrelativistic approximation (mk $ T ) of the one-particle partition function
has the following form

ψk =
1

(2π)3

∫
d3p e−

√
p2+m2

k
T %

1
(2π)3

∫
d3p e

− p2

2mkT −mk
T = e

−mk
T

(
mkT

2π

)3
2

, (6)

at the same time as her ultrarelativistic approximation is φ(T, mk)mk"T % T3

π2 . The
intrinsic partition function of the k−nucleon fragment we will introduce as it was
done in [1]. Exactly as zk = exp(−fk

T ), with fragment free energy

fk = −E(T )k + Tσ(T )k
2
3 + TC(T )k

1
3 +

(
τ +

3
2

)
T ln k, (7)

with E(T ) = W0 + T2

ε0
. Here E0=16MeB is the bulk binding energy per nucleon.T2

ε0

is the contribution of the excited states taken in the Fermi-gas approximation
(ε0=16MeB). Besides, the reduced temperature-dependent surface tension param-
eter σ(T ) is conectes with the surface part of free energy of the k−nucleon fragment
fsurf

k = Tσ(T )k
2
3 at the same time as her curvature surface part fcurv

k = TC(T )k
1
3 .

The last contribution in Eq.(7) involves the Fisher term with dimensionless param-
eter τ . Then, with taking into account Eq.(6) and Eq.(7) expression for pressure
(5) will be determine as

p(T, µ) = T

(
mT

2π

)3
2

N∑

k=1

k−τ exp
[
µ − bp

T
k −

(
(3b)

2
3 (4π)

1
3 W1 + σ

)
k

2
3 −

(
(3b)

1
3 (4π)

2
3
W2

2
+ C

)
k

1
3

]

=
(

mT

2π

)3
2

N∑

k=1

k−τ exp
[
µ − bp

T
k − X2k

2
3 − X3k

1
3

]
, (8)
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(

mT

2π

)3
2

N∑
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Can We Find the Surface Tension 
of QG bags?

15



 Confinement by Color String within sQGP
 Internal energy U, entropy S

13

TABLE V: Simulation parameters and screening masses for the large lattice 322 ×48×6. Lattice scales are estimated by Refs.
[34, 35].

β a−1[GeV] T[MeV] T/Tc mm/T me/T
7.0 7.64 1274 4.97 1.128(78) 2.556(156)
7.5 13.8 2303 8.99 1.014(54) 2.178(144)
8.0 24.7 4127 16.12 0.984(60) 2.256(120)

0 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16

T/T
c

0

1

2

3

4

5

m/T

Magnetic (Large lattice)

Electric (Large lattice)

Magnetic (Small lattice)

Electric (Small lattice)

FIG. 13: The temperature dependence including higher temperature points on the large lattice 322 × 48 × 6.

IV. CONCLUSIONS

We have measured the gluon propagators and obtained the electric and magnetic masses by lattice QCD simulations
in the quenched approximation for SU(3) between T = Tc and 6Tc. Features of the QGP in this temperature region
will be extensively studied theoretically and experimentally in the near future.

Our screening mass studies are the first reliable measurement in SU(3) lattice calculation. We mainly investigate
the temperature dependence for the electric and magnetic masses which do not vanish on 202 × 32 × 6 lattices. In
all temperature regions we find that the electric mass me is always larger than the magnetic one mm, except near
critical temperature point. As the temperature goes down toward Tc, me/T drops down quickly, while mm/T is still
going up. Consequently, using data above T/Tc ∼ 1.5 we conclude that the scalings me ∼ gT and mm ∼ g2T work
well. Furthermore, a HTL resummation calculation has recently been developed and compared with nonperturbative
lattice simulations. We have also compared our numerical results with LOP and HTL resummation and find a good
improvement of the HTL electric mass. These comparison studies of SU(3) screening masses qualitatively seem to
agree with the case of SU(2) [14].

The electric masses obtained here are not consistent with those obtained by heavy qq̄ potential calculations from
an SU(3) Polyakov loop correlator at finite temperature in Refs. [17, 18]. In Ref. [18], the authors did extensive
analyses with three different temporal extents and two different gauge actions, obtaining a very reliable potential as
a function of the temperature. They observe that the potential above Tc cannot be described properly by the leading
order perturbation calculation up to a few Tc: They exclude the two-gluon exchange as the dominant screening
mechanism, and suggest that some kind of one-gluon exchange may describe the potential effectively as a result of
the complex interaction, and that at about (1.5 − 3)Tc a mixture of one- and two-gluon exchange may explain the
behavior. Therefore, due to the ambiguity of the fitting assumptions, it is not clear whether we can compare our
screening masses directly with those obtained by the potential calculation.

In order to investigate the nature of the QGP, especially the excitation modes in the plasma, Datta and Gupta
recently calculated glueball masses at finite temperature and made an interesting observation. They measured the
screening masses of A++

1 (scalar) and A−−
2 (glueball), which allow two- and three-gluon exchange, and their ratio ∼ 1.7

is near 3/2. The A−−
2 mass is twice that obtained by Kaczmarek et al, and shows similar temperature dependence.

There are now several nonperturbative methods to study QGP: our direct measurement of the gluon propagators,
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Figure 16: (upper left) Temperature dependence of electric and magnetic screening masses according
to Nakamura et al [76]. The dotted line is fitted by the assumption, mg ∼ g2T . For the electric mass,
the dashed and solid lines represent LOP and HTL re-summation results, respectively. (upper right)
Temperature dependence of the effective string tensions of the free and potential energies σF , σV . (down)
The energy and entropy (as TS∞(T )) of two static quarks separated by large distance, in 2-flavor QCD
according to [77].

Studies of the static Q̄Q potential have been extended to finite T . In particular, deconfinement
temperature Tc is defined as a disappearance of the linear behavior as a signal of deconfinement at
T > Tc in the corresponding free energy F (T, r). Bielefeld-BNL group has published lattice results for
static Q̄Q free energy, as well as internal energy and entropy

V (T, r) = F − TdF/dT = F + TS (36)

at T both below and above Tc, see [79, 80].
Remarkable features of these results include:

1. The linear (in r) part of the potentials. Their effective tensions are shown in Fig.16(top right).
While that for free energy vanishes at Tc (by definition), that for potential energy extends till at least
about 1.3Tc, with a peak values about 5 times (!) the σvac.. Similar behavior is seen in entropy,while
canceling in free energy. The widths of these peaks provide a natural definition of “near-Tc” region as
T/Tc = 0.8− 1.2
2.Although potentials at large distances r →∞ are finite V (T,∞), near Tc their values reach very large
magnitudes, see Fig.16(down). The corresponding large entropy S(Tc,∞) ≈ 20 means that really huge
∼ exp(20) number of states is involved ;
The origin of this large energy and entropy associated with static Q̄Q pairs near Tc, remains mysterious:
many attempts (e.g. [81]) failed to explain it. Below we will return to this phenomenon in connection
with “magnetic plasma” scenario.

Before looking for explanations, however, let us focus on physical difference between F and U, based
on papers by Zahed, Liao and myself [82, 83], in which they are related to what happens for slow and

29

 U
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IV. CONCLUSIONS

We have measured the gluon propagators and obtained the electric and magnetic masses by lattice QCD simulations
in the quenched approximation for SU(3) between T = Tc and 6Tc. Features of the QGP in this temperature region
will be extensively studied theoretically and experimentally in the near future.

Our screening mass studies are the first reliable measurement in SU(3) lattice calculation. We mainly investigate
the temperature dependence for the electric and magnetic masses which do not vanish on 202 × 32 × 6 lattices. In
all temperature regions we find that the electric mass me is always larger than the magnetic one mm, except near
critical temperature point. As the temperature goes down toward Tc, me/T drops down quickly, while mm/T is still
going up. Consequently, using data above T/Tc ∼ 1.5 we conclude that the scalings me ∼ gT and mm ∼ g2T work
well. Furthermore, a HTL resummation calculation has recently been developed and compared with nonperturbative
lattice simulations. We have also compared our numerical results with LOP and HTL resummation and find a good
improvement of the HTL electric mass. These comparison studies of SU(3) screening masses qualitatively seem to
agree with the case of SU(2) [14].

The electric masses obtained here are not consistent with those obtained by heavy qq̄ potential calculations from
an SU(3) Polyakov loop correlator at finite temperature in Refs. [17, 18]. In Ref. [18], the authors did extensive
analyses with three different temporal extents and two different gauge actions, obtaining a very reliable potential as
a function of the temperature. They observe that the potential above Tc cannot be described properly by the leading
order perturbation calculation up to a few Tc: They exclude the two-gluon exchange as the dominant screening
mechanism, and suggest that some kind of one-gluon exchange may describe the potential effectively as a result of
the complex interaction, and that at about (1.5 − 3)Tc a mixture of one- and two-gluon exchange may explain the
behavior. Therefore, due to the ambiguity of the fitting assumptions, it is not clear whether we can compare our
screening masses directly with those obtained by the potential calculation.

In order to investigate the nature of the QGP, especially the excitation modes in the plasma, Datta and Gupta
recently calculated glueball masses at finite temperature and made an interesting observation. They measured the
screening masses of A++

1 (scalar) and A−−
2 (glueball), which allow two- and three-gluon exchange, and their ratio ∼ 1.7

is near 3/2. The A−−
2 mass is twice that obtained by Kaczmarek et al, and shows similar temperature dependence.

There are now several nonperturbative methods to study QGP: our direct measurement of the gluon propagators,
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Studies of the static Q̄Q potential have been extended to finite T . In particular, deconfinement
temperature Tc is defined as a disappearance of the linear behavior as a signal of deconfinement at
T > Tc in the corresponding free energy F (T, r). Bielefeld-BNL group has published lattice results for
static Q̄Q free energy, as well as internal energy and entropy

V (T, r) = F − TdF/dT = F + TS (36)

at T both below and above Tc, see [79, 80].
Remarkable features of these results include:

1. The linear (in r) part of the potentials. Their effective tensions are shown in Fig.16(top right).
While that for free energy vanishes at Tc (by definition), that for potential energy extends till at least
about 1.3Tc, with a peak values about 5 times (!) the σvac.. Similar behavior is seen in entropy,while
canceling in free energy. The widths of these peaks provide a natural definition of “near-Tc” region as
T/Tc = 0.8− 1.2
2.Although potentials at large distances r →∞ are finite V (T,∞), near Tc their values reach very large
magnitudes, see Fig.16(down). The corresponding large entropy S(Tc,∞) ≈ 20 means that really huge
∼ exp(20) number of states is involved ;
The origin of this large energy and entropy associated with static Q̄Q pairs near Tc, remains mysterious:
many attempts (e.g. [81]) failed to explain it. Below we will return to this phenomenon in connection
with “magnetic plasma” scenario.

Before looking for explanations, however, let us focus on physical difference between F and U, based
on papers by Zahed, Liao and myself [82, 83], in which they are related to what happens for slow and
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IV. CONCLUSIONS

We have measured the gluon propagators and obtained the electric and magnetic masses by lattice QCD simulations
in the quenched approximation for SU(3) between T = Tc and 6Tc. Features of the QGP in this temperature region
will be extensively studied theoretically and experimentally in the near future.

Our screening mass studies are the first reliable measurement in SU(3) lattice calculation. We mainly investigate
the temperature dependence for the electric and magnetic masses which do not vanish on 202 × 32 × 6 lattices. In
all temperature regions we find that the electric mass me is always larger than the magnetic one mm, except near
critical temperature point. As the temperature goes down toward Tc, me/T drops down quickly, while mm/T is still
going up. Consequently, using data above T/Tc ∼ 1.5 we conclude that the scalings me ∼ gT and mm ∼ g2T work
well. Furthermore, a HTL resummation calculation has recently been developed and compared with nonperturbative
lattice simulations. We have also compared our numerical results with LOP and HTL resummation and find a good
improvement of the HTL electric mass. These comparison studies of SU(3) screening masses qualitatively seem to
agree with the case of SU(2) [14].

The electric masses obtained here are not consistent with those obtained by heavy qq̄ potential calculations from
an SU(3) Polyakov loop correlator at finite temperature in Refs. [17, 18]. In Ref. [18], the authors did extensive
analyses with three different temporal extents and two different gauge actions, obtaining a very reliable potential as
a function of the temperature. They observe that the potential above Tc cannot be described properly by the leading
order perturbation calculation up to a few Tc: They exclude the two-gluon exchange as the dominant screening
mechanism, and suggest that some kind of one-gluon exchange may describe the potential effectively as a result of
the complex interaction, and that at about (1.5 − 3)Tc a mixture of one- and two-gluon exchange may explain the
behavior. Therefore, due to the ambiguity of the fitting assumptions, it is not clear whether we can compare our
screening masses directly with those obtained by the potential calculation.

In order to investigate the nature of the QGP, especially the excitation modes in the plasma, Datta and Gupta
recently calculated glueball masses at finite temperature and made an interesting observation. They measured the
screening masses of A++

1 (scalar) and A−−
2 (glueball), which allow two- and three-gluon exchange, and their ratio ∼ 1.7

is near 3/2. The A−−
2 mass is twice that obtained by Kaczmarek et al, and shows similar temperature dependence.

There are now several nonperturbative methods to study QGP: our direct measurement of the gluon propagators,
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according to [77].

Studies of the static Q̄Q potential have been extended to finite T . In particular, deconfinement
temperature Tc is defined as a disappearance of the linear behavior as a signal of deconfinement at
T > Tc in the corresponding free energy F (T, r). Bielefeld-BNL group has published lattice results for
static Q̄Q free energy, as well as internal energy and entropy

V (T, r) = F − TdF/dT = F + TS (36)

at T both below and above Tc, see [79, 80].
Remarkable features of these results include:

1. The linear (in r) part of the potentials. Their effective tensions are shown in Fig.16(top right).
While that for free energy vanishes at Tc (by definition), that for potential energy extends till at least
about 1.3Tc, with a peak values about 5 times (!) the σvac.. Similar behavior is seen in entropy,while
canceling in free energy. The widths of these peaks provide a natural definition of “near-Tc” region as
T/Tc = 0.8− 1.2
2.Although potentials at large distances r →∞ are finite V (T,∞), near Tc their values reach very large
magnitudes, see Fig.16(down). The corresponding large entropy S(Tc,∞) ≈ 20 means that really huge
∼ exp(20) number of states is involved ;
The origin of this large energy and entropy associated with static Q̄Q pairs near Tc, remains mysterious:
many attempts (e.g. [81]) failed to explain it. Below we will return to this phenomenon in connection
with “magnetic plasma” scenario.

Before looking for explanations, however, let us focus on physical difference between F and U, based
on papers by Zahed, Liao and myself [82, 83], in which they are related to what happens for slow and
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 Very strong interaction! => No color charge separation!

Large entropy S = 20! 
=> exp(20) =10**8 !?
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 Confining String = Color Tube

Consider confining string between static q & anti q of length L and radius R<<L

Its free energy measured from Polyakov loop correlator is 

3

Fstr = σstrL

Fcyl(T, L, R) ≡ − pv(T )πR2L︸ ︷︷ ︸
thermal

+ σsurf(T )2πRL︸ ︷︷ ︸
surface

+ T τ ln
V

V0︸ ︷︷ ︸
small

.

Deconfinement means that 
string tension vanishes

Can be rigorously  found by Lattice QCD

Introduction Free energies Checks and Balances Free energy at infinite separation Entropy and Internal Energy Renormalized Polyakov Loop Quarkonia (quenched) Charmonium Summary
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 String Tension vs Surface Tension

Consider now this tube as the cylindrical bag of length L and radius R<<L

Neglect  effects of color sources and get cylinder FREE ENERGY as:
3

Fstr = σstrL

Fcyl(T, L, R) ≡ − pv(T )πR2L︸ ︷︷ ︸
thermal

+ σsurf(T )2πRL︸ ︷︷ ︸
surface

+ T τ ln
V

V0︸ ︷︷ ︸
small

.

3

Fstr = σstrL

Fcyl(T, L, R) ≡ − pv(T )πR2L︸ ︷︷ ︸
thermal

+ σsurf(T )2πRL︸ ︷︷ ︸
surface

+ T τ ln
V

V0︸ ︷︷ ︸
small

.

σstr(T ) = σsurf(T ) 2πR − pv(T )πR2 +
T τ

L
ln

[
πR2L

V0

]

We got a new possibility to determine QGP bag surface tension directly from 
LQCD!

3

Fstr = σstrL

Fcyl(T, L, R) ≡ − pv(T )πR2L︸ ︷︷ ︸
thermal

+ σsurf(T )2πRL︸ ︷︷ ︸
surface

+ T τ ln
V

V0︸ ︷︷ ︸
small

.

σstr(T ) = σsurf(T ) 2πR − pv(T )πR2 +
T τ

L
ln

[
πR2L

V0

]

From bag model pressure pv(T = 0) = −(0.25)4 GeV4, R = 0.5 fm and
σstr(T = 0) = (0.42)2 GeV2 ⇒

σsurf(T = 0) = (0.2229 GeV)3 +0.5 pv R ≈ (0.183 GeV)3 ≈ 157.4 MeV fm−2.

K.A.B., G.M. Zinovjev,  Nucl. Phys. A848 (2010)

Equating the cylinder FREE ENERGY to string free energy

3

Fstr = σstrL

Fcyl(T, L, R) ≡ − pv(T )πR2L︸ ︷︷ ︸
thermal

+ σsurf(T )2πRL︸ ︷︷ ︸
surface

+ T τ ln
V

V0︸ ︷︷ ︸
small

.
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 Surface Tension at Cross-over

3

Fstr = σstrL

Fcyl(T, L, R) ≡ − pv(T )πR2L︸ ︷︷ ︸
bulk

+ σsurf(T )2πRL︸ ︷︷ ︸
surface

+ T τ ln
V

V0︸ ︷︷ ︸
small

.

σstr(T ) = σsurf(T ) 2πR − pv(T )πR2 +
T τ

L
ln

[
πR2L

V0

]

From bag model pressure pv(T = 0) = −(0.25)4 GeV4, R = 0.5 fm and
σstr(T = 0) = (0.42)2 GeV2 ⇒

σsurf(T = 0) = (0.2229 GeV)3 +0.5 pv R ≈ (0.183 GeV)3 ≈ 157.4 MeV fm−2.

For vanishing σstr one has σLQCD
str ≈ ln(L/L0)

R2 C

This is due to increase of surface fluctuations ⇒ in general

σstr(T ) Rk → ωk > 0 for k > 0

Parametrize σstr = σ0
str tν, where t ≡ Ttr(µ)−T

Ttr(µ) → +0

and find total pressure and total entropy density
for µ = 0 (baryonic chemical potential)

ptot = pv(T )−σsurf(T )
R

≡ σsurf(T )
R

− σstr

πR2 →
[
σstr

ωk

] 1
k

[
σsurf −

ωk

π

[
σstr

ωk

]k+1
k

]

stot =

(
∂ ptot

∂ T

)

µ

→
1

k σstr

[
σstr

ωk

] 1
k ∂ σstr

∂ T
σsurf

︸ ︷︷ ︸
dominant since σstr→ 0

+
[

σstr

ωk

] 1
k ∂ σsurf

∂ T
− k+2

π k

[
σstr

ωk

] 2
k ∂ σstr

∂ T

For finite σsurf and ∂ σstr

∂ T
< 0 ⇒ σsurf < 0 since stot > 0
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 Comparison with LQCD
4

This state is part of all string configurations, contained in LQCD data

⇒ Assume: we can apply our results to LQCD data with L " R

For σstr → 0 ⇒ R → 2 σsurf

pv
and lattice entropy is

Slat

L
= − 1

L
∂Flat

∂T
→ − stot k σstrR

σsurf
= − stot k ωk

σsurfRk−1 → tν−1

⇒ again σsurf < 0

⇒ Slat diverges for ν < 1 and R → ∞

⇒ Slat has a sharp inclease for ν < 1 and R → Rlat < ∞

Can we verify this result with LQCD data?

Similarly, consider the fall down of Slat due to strong stot decrease

This explains ‘a mysterious maximum in Slat’ (E. Shuryak)
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 Mysterious Maximum
Introduction Free energies Checks and Balances Free energy at infinite separation Entropy and Internal Energy Renormalized Polyakov Loop Quarkonia (quenched) Charmonium Summary

Entropy and Internal Energy
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• big jump in critical region

• in potential models would mean two or three-fold increase in

effective mass

• food for thought.

4

This state is part of all string configurations, contained in LQCD data

⇒ Assume: we can apply our results to LQCD data with L " R

For σstr → 0 ⇒ R → 2 σsurf

pv
and lattice entropy is

Slat

L
= − 1

L
∂Flat

∂T
→ − stot k σstrR

σsurf
= − stot k ωk

σsurfRk−1 → tν−1

⇒ again σsurf < 0

⇒ Slat diverges for ν < 1 and R → ∞

⇒ Slat has a sharp inclease for ν < 1 and R → Rlat < ∞

Can we verify this result with LQCD data?

Similarly, consider the fall down of Slat due to strong stot decrease

This explains ‘a mysterious maximum in Slat’ (E. Shuryak)
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 Why Does the String Entropy Diverge at 
the Cross-over ?

provided k > ν > 0.
Clearly, the another possibility of divergent stot in Eq.(18), k < ν < 0, contradicts to

Eqs.(11) and (15).
As we argue below, the quantity of importance is also the full T derivative of string free

energy at fixed L and µb, which can be calculated from Eqs.(11) and (15) as

dFstr

dT
= −L

σ0
str ν

Ttr
tν−1 → −L ν

Ttr

[
σ0

str

ω1−ν
k

] 1
ν

R
k(1−ν)

ν . (19)

Sstr

L
=

σ0
str ν

Ttr
tν−1 →

ν

Ttr

[
σ0

str

ω1−ν
k

] 1
ν

R
k(1−ν)

ν (20)

String entropy diverges for ν < 1 and t → +0.

R power k(1−ν)
ν is FRACTAL for any ν "= k

k+n where n = 1, 2, 3, ...

In LQCD the fractal structures are well known.

In this model the fractals appear at t → +0 as surface deformations
due to zero total pressure inside the color tube ⇒ at NO ENERGY costs!

This derivative diverges for ν < 1 in the limit t → +0 even for finite L. Moreover, for
any ν < 1, except for ν = k

k+n where n = 1, 2, 3, ..., the divergency in the right hand
side of Eq.(19) has a fractal dimension. We believe it is rooted in the fractal structure at
t → +0 discussed above.

Taking these results seriously now we get an intriguing possibility to explain the origin of
extremely fast increase (called ‘mysterious’ in Ref.[31]) of −dFLQCD

str
dT approaching the cross-

over temperature. The quantity F LQCD
str , as measured at zero baryonic chemical potential

in the LQCD simulations, is the renormalized free energy of static quark-antiquark pair
extrapolated to an infinite separation distance. Its derivative −dFLQCD
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dT is just called as

the string entropy [30, 31], although from the view point of bag thermodynamics it includes
not only the entropy (i.e. the partial T -derivative), but also contains a work done against
the external pressure p by changing the bag volume V due to temperature change, i.e. in
terms of standard thermodynamics one can write down −dFLQCD
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dT = −∂FLQCD

str
∂T + pdV
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In order to apply Eq.(19) for the analysis of LQCD data we have to take into account two
following facts: (i) the spatial size of lattice Rlat is limited and, therefore, an infinite radius
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dT it is enough to assume that this maximum is generated by the infinite strings con-

tribution (19) with ν < 1, although such strings contribute in LQCD free energy F LQCD
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which is almost the same as color tube model predictions!

Remarkable fact: chemical FO data for rHIC gives T  = 147    7 MeVσ ±
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be used only for the cylinder radius not exceeding the spatial lattice size Rlat ≥ R. The
second fact instructs that, if the confining strings of infinite length with the string tension of
Eq.(5) contribute into the F LQCD

str , their probability W (L) to come to the play vanishes as
W (L) ∼ [L ln(L/L0)]−1 in the limit L → ∞, since σ0

str ∼ ln(L/L0), ωk ∼ ln(L/L0)

and dFstr
dT ∼ −L ln(L/L0) R

k(1−ν)
ν , as one can easily deduce from Eqs.(10), (11), (15) and

(19).
If one is willing to explain the existence of maximal value in the LQCD entropy SLQCD

str =

−dFLQCD
str
dT it is enough to assume that this maximum is generated by the infinite strings con-

tribution (19) with ν < 1, although such strings contribute in LQCD free energy F LQCD
str
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 Is there any problem with negative surface tension coefficient?

 
VI.   Like in ordinary liquids: zero surface tension defines T of (tri)critical point!
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connecting the static quark-antiquark pair and the surface tension of the corresponding

cylindrical bag. Such a relation allows us to determine the temperature of vanishing surface

tension coefficient of QGP bags at zero baryonic charge density as Tσ = 152.9 ± 4.5 MeV.

We argue that just this range of temperatures does not randomly matches the range of

the (partial) chiral symmetry restoration temperatures found by the WB collaboration [3].

Using Fisher conjecture [10] and the exact results found for the temperature dependence

of surface tension coefficient from the partition of surface deformations [11, 12, 14], we

conclude that the same temperature range corresponds to the value of QCD (tri)critical

endpoint temperature, i.e. Tcep = Tσ = 152.9 ± 4.5 MeV. Furthermore, we claim that

the negative values of surface tension coefficient of QGP bags found recently in [5] are not

unique, but also should exist for the supercritical temperatures of usual liquids.
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which is almost the same as color tube model predictions!

Remarkable fact: chemical FO data for rHIC gives T  = 147    7 MeVσ ±
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Surface Free Energy:  F = E -TS
To find surface F one has to count for ALL surface deformations together with energy costs

Can be exactly done within Hills and Dales Model for v-volume cluster:  
                                                                                                     K.A.B. et al, PRE 72 (2005)

= + + + + +

Source of Source of SSurface urface EEntropyntropy
Is the surface deformations of the bag of !xed volume v !

One has to count ALL surfaces of the bag of !xed volume v !

Done EXACTLY within the Hills and Dales model for clusters in GCE
"approx. v conserv., small amplitudes of deformations#. K.A.B. et al PRE 72 "2005#

Simplest case "M. Fisher#

Checked on d =2 & 3 dimensional Ising clusters! Moretto et al PRL 94 "2005#,

K.A.B. & Elliott, Ukr. J. Phys. 52 "2007#

mean
cluster

  K.A.B. & Elliott,  UJP 52 (2007)

17

Statistical probability of QGP phase

wQ = e
pQ V

T

e
pQ V

T +e
pH V

T

, pQ [pH] – Q [H] phase pressure;

V – system volume; T – temperature

RHIC and NICA are planned to search for the mixed phase,

but there are TWO MIXED PHASES! 1) deconfinement mixed phase;
2) cross-over mixed phase

Difference:

1) deconfinement:
concentration changes
at fixed T, µ, pQ

2)cross-over:
concentration changes
by varying T, µ, pQ

wQ = 0 wQ = 1 wQ = 1
2

wQ < 1

σ(T ) =






σ0 ·
[

Tc−T
Tc

]ζ

, T ≤ Tc , ζFDM = 1, ζSMM = 5
4
, σ0 > 0

0, T > Tc .

Also one can find supremum and infimum for surface F and surface partition

σ0(1 − λLT ) v
2
3 ≥ F ≥ σ0(1 − λUT ) v

2
3 , λL ≈ 0.28 T −1

c , λU ≈ 1.06 T −1
c
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Thus, there is NOTHING wrong, if  surface F < 0 above critical T! 
This means only that entropy dominates! 
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Thus, there is NOTHING wrong, if  surface F < 0 above critical T! 
This means only that entropy dominates! 

Story is not over yet! The surface tension is even more 
important!
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Fig. 1. Surface tension deviations calculated as a function of temperature for all the molten alkali halides studied.

states theory (SCST) and the extended corresponding states theory (ECST). The n represents the number
of experimental data points used for the comparisons. Fig. 1 shows a plot of the surface tension deviations
as a function of temperature for all the molten alkali halides.

In the case of the alkali fluorides (except for NaF), the estimated surface tensions have been compared
with the data calculated through the use of the correlation equations available in the NIST database [21],
using a temperature step equal to 1 K. It can be seen from Table 1 that the SCST fails completely on the
prediction of surface tension for the molten lithium and cesium halides (with the “exception” of LiF and
CsF), the smallest and largest cations, respectively, from the molten alkali halides set. The introduction
of shape factors on the ESRR seems to be capable of solving only the problem of the lithium halides
(with the exception of LiF). In addition, it introduces additional errors on the predictions for other molten
salts, thus becoming very difficult to establish a pattern that could suggest any possible corrections to the
model. In general, the ECST under-predicts the surface tension of the salts (Fig. 1), with the exception
of LiF, NaF, LiCl and LiI. The major sources of error of this model are the extrapolations of the vapour
pressure correlation equations used in the calculation of the shape factors.

4. Conclusions

The simple and the extended corresponding states have been applied to the semi-theoretical estimation
of the surface tension of molten alkali halides. The results showed that the scheme proposed works
satisfactorily only for some of the molten salts studied. The major uncertainty arose from the lack of
vapour pressure curves covering all the temperature ranges used.

The shape factors used were obtained empirically. Ideally, shape factors correlation equations in terms
of characteristic molecular parameters should be developed, thus permitting the use of the corresponding
states principle in a predictive form. In addition, it should then be possible to understand the way a

1. Present day models for surface 
tension are not precise to make some 

certain conclusions.

2. So far, the specialists in liquids 
overlooked that negative values of 
the surface tension coefficient can 

exist.
3. The existence of negative surface 

tension coefficients does not 
contradict to any known fact! 
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• The ϴ function is VERY important because  ensures that bags do not overlap!  

The Van der Waals Repulsion 

2

nuclear multifragmentation [15], nucleation of real fluids [16], the compressibility factor of real fluids [17], clusters of
the Ising model [18] and percolation clusters [19].

On the basis of the statistical multifragmentation model (SMM) [20] commonly used to study nuclear multifrag-
mentation, there was recently formulated a simplified SMM version which was solved analytically both for infinite
[21, 22] and for finite [23–25] volumes of the system. In the SMM the surface tension temperature dependence differs
from that one of the FDM, but it was shown [22] that the value of Fisher exponent τSMM = 1.825 ± 0.025, which
contradicts to the FDM value τFDM ≈ 2.16, is consistent with ISiS Collaboration data [26] and EOS Collaboration
data [27]. Lately, our analytical results [22] were confirmed by the numerical studies [28, 29].

Such an experimentally obtained range of the τ index is of a principal importance because it gives a very strong
evidence that the SMM, and, thus, the nuclear matter, has a tricritical endpoint rather than a critical endpoint
[21, 22].

This success of the SMM initiated the studies of the surface partitions of large clusters within the Hills and Dales
Model [30, 31] and led to a discovery of the origin of the temperature independent surface entropy similar to the
FDM. As a consequence, the surface tension coefficient of large clusters consisting of the discrete constituents should
linearly depend on the temperature of the system [30] and must vanish at the critical endpoint. However, the present
formulation of the Hills and Dales Model [30, 31], which successfully estimates the upper and lower bounds of the
surface deformations of the discrete physical clusters, does not look suitable for quark-gluon bags. Therefore, in this
work we assume a certain dependence of the surface tension coefficient on temperature and baryonic chemical potential,
and concentrate on the impact of surface tension of the quark-gluon bags on the properties of the deconfinement phase
diagram and the QCD critical endpoint. A discussion of the origin of the surface tension is a subject of our future
work.

Here we will show that the existence of a cross-over at low values of the baryonic chemical potential along with the
1st order deconfinement PT at high baryonic chemical potentials leads to the existence of an additional PT of the 2nd

or higher order along the curve where the surface tension coefficient vanishes. Thus, it turns out that the QGBST
model predicts the existence of the tricritical rather than critical endpoint.

The paper is organized as follows. Sect. II contains the formulation of the basic ingredients of the GBM. In Sect. III
we formulate the QGBST model and analyze all possible singularities of its isobaric partition for vanishing baryonic
densities. This analysis is generalized to non-zero baryonic densities in Sect. IV. Sect. V is devoted to the analysis of
the surface tension induced PT which exists above the deconfinement PT. The conclusions and research perspectives
are summarized in Sect. V.

II. BASIC INGREDIENTS OF THE GBM

To remind the basic ingredients of the GBM let us consider the Van der Waals gas consisting of n hadronic species,
which are called bags in what follows, at zero baryonic chemical potential. Its grand canonical partition (GCP) is
given by [3]

The Grand canonical partition (GCP) of n hadronic bags
with the hard-core repulsion of the Van der Waals type (µB = 0)

Z(V, T ) =
∑

{Nk}

[ n
∏

k=1

[(V − v1N1 − ... − vnNn)φk(T )]Nk

Nk!

]

θ (V − v1N1 − ... − vnNn) , (1)

the particle density of bags of mass mk and eigen volume vk and degeneracy gk

φk(T ) ≡ gk φk(T ) ≡ gk

2π2

∞
∫

0
p2dp e−

(p2 + m2
k)1/2

T = gk
m2

kT
2π2 K2

(

mk
T

)

Using the standard Laplace transformation with respect to volume V ,
one gets the isobaric partition with the simple pole:

Ẑ(s, T ) ≡

∞
∫

0

dV exp(−sV ) Z(V, T ) =
1

[s − F (s, T )]
(2)

with F (s, T ) ≡
n

∑

j=1

exp (−vjs) gjφ(T, mj) . (3)

describes hard core repulsion in GC ensemble
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• PT happens, if two singularities coincide. 

Isobaric Partition

Summations in GCP can be done after Laplace trans-

form to Isobaric Partition (IP), K.A.B. et al, PRC 62 (2000)

Z(s, T, µ) =
∫ ∞

0
dV Z(V, T, µ) e−s V =

1

s − F(s, T, µ)
,

F(s, T, µ) =
∑

k

φk e
(µ−s b T)k

T

For V → ∞ the whole analysis is reduced to the

analysis of the Singularities of IP!

After Inverse Laplace transform GCP becomes

Z(V, T, µ) =
1

2πi

∫ σ+i∞

σ−i∞
ds Z(s, T, µ) es V =

∑

s∗i

Res
(

Z(s∗i , T, µ) es
∗
i V

)

−→ eV max (s∗i )

Comparing with

Z(V, T, µ) −→ e
p V
T =⇒ p(T, µ) = T max (s∗i ) ,

where σ > maxRe(s∗i ) - the most right singularity.

Basic Ingredients of  QGBST Model
 If the number of bag kinds is infinite, there may appear an essential 

singularity of the Isobaric Partition. This is used in GBM and QGBST 
to generate PT. This can be seen as follows (also for non-zero μ):

Equation for 
Singularities:

2

On the basis of the statistical multifragmentation
model (SMM) [20] commonly used to study nuclear mul-
tifragmentation, there was recently formulated a simpli-
fied SMM version which was solved analytically both
for infinite [21, 22] and for finite [23–25] volumes of
the system. In the SMM the surface tension temper-
ature dependence differs from that one of the FDM,
but it was shown [22] that the value of Fisher exponent
τSMM = 1.825 ± 0.025, which contradicts to the FDM
value τFDM ≈ 2.16, is consistent with ISiS Collaboration
data [26] and EOS Collaboration data [27]. Lately, our
analytical results [22] were confirmed by the numerical
studies [28, 29].

Such an experimentally obtained range of the τ index
is of a principal importance because it gives a very strong
evidence that the SMM, and, thus, the nuclear matter,
has a tricritical endpoint rather than a critical endpoint
[21, 22].

This success of the SMM initiated the studies of the
surface partitions of large clusters within the Hills and
Dales Model [30, 31] and led to a discovery of the origin
of the temperature independent surface entropy similar
to the FDM. As a consequence, the surface tension co-
efficient of large clusters consisting of the discrete con-
stituents should linearly depend on the temperature of
the system [30] and must vanish at the critical endpoint.
However, the present formulation of the Hills and Dales
Model [30, 31], which successfully estimates the upper
and lower bounds of the surface deformations of the dis-
crete physical clusters, does not look suitable for quark-
gluon bags. Therefore, in this work we assume a certain
dependence of the surface tension coefficient on tempera-
ture and baryonic chemical potential, and concentrate on
the impact of surface tension of the quark-gluon bags on
the properties of the deconfinement phase diagram and
the QCD critical endpoint. A discussion of the origin of
the surface tension is a subject of our future work.

Here we will show that the existence of a cross-over at
low values of the baryonic chemical potential along with
the 1st order deconfinement PT at high baryonic chemical
potentials leads to the existence of an additional PT of
the 2nd or higher order along the curve where the surface
tension coefficient vanishes. Thus, it turns out that the
QGBST model predicts the existence of the tricritical
rather than critical endpoint.

The paper is organized as follows. Sect. II contains
the formulation of the basic ingredients of the GBM. In
Sect. III we formulate the QGBST model and analyze all
possible singularities of its isobaric partition for vanishing
baryonic densities. This analysis is generalized to non-
zero baryonic densities in Sect. IV. Sect. V is devoted
to the analysis of the surface tension induced PT which
exists above the deconfinement PT. The conclusions and
research perspectives are summarized in Sect. V.

II. BASIC INGREDIENTS OF THE GBM

To remind the basic ingredients of the GBM let us
consider the Van der Waals gas consisting of n hadronic
species, which are called bags in what follows, at zero
baryonic chemical potential. Its grand canonical parti-
tion (GCP) is given by [3]

Z(V, T ) =
∑

{Nk}

[ n
∏

k=1

[(V − v1N1 − ... − vnNn)φk(T )]Nk

Nk!

]

× θ (V − v1N1 − ... − vnNn) , (1)

where the function φk(T ) ≡ gk φ(T, mk)

φk(T ) ≡
gk

2π2

∞
∫

0

p2dp e−
(p2 + m2

k)1/2

T = gk
m2

kT

2π2
K2

(mk

T

)

is the particle density of bags of mass mk and eigen vol-
ume vk and degeneracy gk. Using the standard technique
of the Laplace transformation [3, 21] with respect to vol-
ume, one obtains the isobaric partition:

Ẑ(s, T ) ≡

∞
∫

0

dV exp(−sV ) Z(V, T ) =
1

[s − F (s, T )]
(2)

with F (s, T ) ≡
n

∑

j=1

exp (−vjs) gjφ(T, mj) . (3)

From the definition of pressure in the grand canonical
ensemble it follows that, in the thermodynamic limit, the
GCP of the system behaves as Z(V, T ) % exp [pV/T ]. An
exponentially increasing Z(V, T ) generates the rightmost
singularity s∗ = p/T of the function Ẑ(s, T ) in variable
s. This is because the integral over V in Eq. (2) diverges
at its upper limit for s < p/T . Therefore, the rightmost
singularity s∗ of Ẑ(s, T ) gives us the system pressure:

p(T ) = T lim
V →∞

lnZ(V, T )

V
= T s∗(T ) . (4)

The singularity s∗ of Ẑ(s, T ) (2) can be calculated from
the transcendental equation [3, 21]:

s∗(T ) = F (s∗, T ) . (5)

As long as the number of bags, n, is finite, the only pos-
sible singularities of Ẑ(s, T ) (2) are simple poles. For
example, for the ideal gas (n = 1; v1 = 0 in Eq. (5))
s∗ = g1φ(T, m1) and thus from Eq. (4) one gets p =
Tg1φ(T, m1) which corresponds to the grand canonical
ensemble ideal gas equation of state for the particles of
mass m1 and degeneracy g1.

However, in the case of an infinite number of sorts of
bags an essential singularity of Ẑ(s, T ) may appear. This
property is used in the GBM: to the finite sum over dif-
ferent bag states in (2) the integral

∫ ∞
M0

dm dv...ρ(m, v)
is added with the bag mass-volume spectrum, ρ(m, v),
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• Note,  here  Tcep = Const, but later it will be μB dependent!

Mass-Volume Spectrum of QGBST Model 3

Assume: there exist the discrete mass-volume spectrum FH(s, T )
of hadrons lighter than M0 and the continuous volume spectrum FQ(s, T )

F (s, T ) ≡ FH(s, T ) + FQ(s, T ) =

n
∑

j=1

gje
−vjsφ(T, mj) + u(T )

∞
∫

V0

dv
exp [(sQ(T ) − s) v − σ(T ) vκ ]

vτ
(4)

Term FH has no s-singularities at any T and generates a simple pole only!

The bag spectrum FQ(s, T ) is chosen to give an essential singularity sQ(T ) ≡ pQ(T )
T

.

sQ(T ) defines QGP pressure pQ(T ) at zero baryonic density (MIT Bag Model).

The (reduced) surface tension coefficient σ(T ) = σo
T

·
[

Tcep−T
Tcep

]2k+1
(k = 0, 1, 2, ...).

σo = Const > 0, but can be a smooth function of T (and µB).

For k = 0 the two terms in the surface (free) energy of a v-volume bag have a simple interpretation [13]: thus, the
surface energy of such a bag is σ0vκ , whereas the free energy, which comes from the surface entropy σoT−1

cepv
κ , is

−TσoT−1
cepv

κ . Note that the surface entropy of a v-volume bag counts its degeneracy factor or the number of ways
to make such a bag with all possible surfaces. This interpretation can be extended to k > 0 on the basis of the Hills
and Dales Model [30, 31].

Surface free energy σovκ

[

Tcep−T
Tcep

]2k+1
consists of surface energy σovκ

2k
∑

j=0
T−j

cep T j

and surface entropy σovκ T−1
cep

2k
∑

j=0
T−j

cep T j ≡ degeneracy factor of v-volume bag.

• k = 0 is known form FDM, k > 0 follows from the Hills and Dales Model (HDM)
K. A. B., L. Phair and J. B. Elliott, Phys. Rev. E 72 (2005) 047106;
K. A. B., J. B. Elliott, nucl-th/0501080.

• Power κ < 1 describes the bag’s effective surface. It can differ from 2
3

for spaghetti-like, lasagna-like bags or bubbles known from nuclear physics
see D. G. Ravenhall, C. J. Pethick and J. R. Wilson, PRL 50 (1983) 2066.

Compare to “polymerization” of gluonic quasiparticles:
J. Liao, E. Shuryak, PRD 73 (2006) 014509

• The crucial point for cross-over existence:
for T > Tcep the surface free energy is negative ⇒ nonspherical bags dominate!

In choosing such a simple surface energy parameterization we follow the original Fisher idea [13] which allows one
to account for the surface energy by considering some mean bag of volume v and surface vκ . The consideration of the
general mass-volume-surface bag spectrum we leave for the future investigation. The power κ < 1 which describes the
bag’s effective surface is a constant which, in principle, can differ from the typical FDM and SMM value 2

3 . This is
so because near the deconfinement PT region QGP has low density and, hence, like in the low density nuclear matter
[38], the non-sperical bags (spaghetti-like or lasagna-like [38]) can be favorable. A similar idea of “polymerization” of
gluonic quasiparticles was introduced recently [39].

The second essential difference with the FDM and SMM surface tension parameterization is that we do not require
the vanishing of σ(T ) above the CEP. As will be shown later, this is the most important assumption which, in contrast
to the GBM, allows one to naturally describe the cross-over from hadron gas to QGP. Note that negative value of
the reduced surface tension coefficient σ(T ) above the CEP does not mean anything wrong. As we discussed above,

discrete part continuous part

hadron resonance gas QGbags • K.A.B., PRC 76 (2007)

Hagedorn spectrum
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FIG. 1: Graphical solution of Eq. (??) which corresponds to a PT. The solution of Eq. (??) is shown by a filled hexagon. The
function F (s, ξ) is shown by a solid curve for a few values of the parameter ξ. The function F (s, ξ) diverges for s < sQ(ξ) (shown
by dashed lines), but is finite at s = sQ(ξ) . At low values of the parameter ξ = ξA, which can be either T or µB , the simple pole
sH is the rightmost singularity and it corresponds to hadronic phase. For ξ = ξB ! ξA the rightmost singularity is an essential
singularity s = sQ(ξB), which describes QGP. At intermediate value ξ = ξC both singularities coincide sH(ξC) = sQ(ξC) and
this condition is a Gibbs criterion.

show that for σ(T ) ≡ 0 and for (n + 1)/n ≤ τ < n/(n − 1) (n = 3, 4, 5, ...) there is a nth order phase transition

sH(Tc) = sQ(Tc) , s′H(Tc) = s′Q(Tc) , ...

s(n−1)
H (Tc) = s(n−1)

Q (Tc) , s(n)
H (Tc) $= s(n)

Q (Tc) , (9)

with s(n)
H (Tc) = ∞ for (n + 1)/n < τ < n/(n − 1) and with a finite value of s(n)

H (Tc) for τ = (n + 1)/n.

sHSQ
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FIG. 2: Graphical solution of Eq. (??) which corresponds to a cross-over. The notations are the same as in Fig. 1. Now the
function F (s, ξ) diverges at s = sQ(ξ) (shown by dashed lines). In this case the simple pole sH is the rightmost singularity for
any value of ξ.

(II) The second possibility, σ(T ) ≡ 0, described in the preceding paragraph, does not give anything new compared
to the GBM [3, 7]. If the PT exists, then the graphical picture of singularities is basically similar to Fig. 1. The only
difference is that, depending on the PT order, the derivatives of F (s, T ) function with respect to s should diverge at
s = sQ(Tc).

(III) A principally new possibility exists for T > Tcep, where σ(T ) < 0. In this case there exists a cross-over. Its
existence can be shown as follows. Let us solve the equation for singularities (??) graphically (see Fig. 2). For

Parameter ξ can be T or μB 

4

the surface tension coefficient consists of energy and entropy parts which have opposite signs [13, 30, 31]. Therefore,
σ(T ) < 0 does not mean that the surface energy changes the sign, but it rather means that the surface entropy, i.e.
the logarithm of the degeneracy of bags of a fixed volume, simply exceeds their surface energy. In other words, the
number of non-spherical bags of a fixed volume becomes so large that the Boltzmann exponent, which accounts for
the energy ”costs” of these bags, cannot suppress them anymore.

Finally, the third essential difference with the FDM and SMM is that we assume that the surface tension in the
QGBST model happens at some line in µB − T plane, i.e. Tcep = Tcep(µB). However, in the subsequent sections we
will consider Tcep = Const for simplicity, and in Sect. V we will discuss the necessary modifications of the model with
Tcep = Tcep(µB).

The surface energy should, in principle, be introduced into a discrete part of the mass-volume spectrum FH , but a
successful fitting of the particle yield ratios [6] with the experimentally determined hadronic spectrum FH does not
indicate such a necessity.

According to the general theorem [3] the analysis of PT existence of the GCP is now reduced to the analysis of the
rightmost singularity of the isobaric partition (2). Depending on the sign of the reduced surface tension coefficient,
there are three possibilities.

Case I: σ(T ) > 0 is very similar to GBM with τ > 2.

sQ(T ) < 0 at low T ⇒ the simple pole s∗ = sH(T )
is the rightmost singularity.

At very high T the QGP pressure dominates
⇒ s∗ = sQ(T ) is the rightmost singularity.

PT occurs, when the singularities coincide:

sH(Tc) ≡
pH (Tc)

Tc
= sQ(Tc) ≡

pQ(Tc)
Tc

which is just Gibbs criterion.

PT order follows from T -derivatives of sH(T ).

s′H =
G + uKτ−1(∆,−σ) · s′Q

1 + uKτ−1(∆,−σ)
, where G ≡ F ′

H +
u′

u
FQ + (Tcep−2kT )σ(T )

(Tcep−T ) T uKτ−κ(∆,−σ) , (5)

∆ ≡ sH − sQ and Kτ−a(∆,−σ) ≡

∞
∫

Vo

dv
exp [−∆v − σ(T )vκ ]

vτ−a
, (6)

Since for σ(T ) > 0 all integrals are finite ⇒ s′Q(Tc) $= s′H(Tc), there must exists 1st order PT.

(I) The first possibility corresponds to σ(T ) > 0. Its treatment is very similar to the GBM choice (??) with τ > 2 [3].
In this case at low temperatures the QGP pressure TsQ(T ) is negative and, therefore, the rightmost singularity is a
simple pole of the isobaric partition s∗ = sH(T ) = F (sH(T ), T ) > sQ(T ), which is mainly defined by a discrete part
of the mass-volume spectrum FH(s, T ). The last inequality provides the convergence of the volume integral in (??)
(see Fig. 1). On the other hand at very high T the QGP pressure dominates and, hence, the rightmost singularity
is the essential singularity of the isobaric partition s∗ = sQ(T ). The phase transition occurs, when the singularities
coincide:

sH(Tc) ≡
pH(Tc)

Tc
= sQ(Tc) ≡

pQ(Tc)

Tc
, (7)

which is nothing else, but the Gibbs criterion. The graphical solution of Eq. (??) for all these possibilities is shown
in Fig. 1. Like in the GBM [3, 7], the necessary condition for the PT existence is the finiteness of FQ(sQ(T ), T )
at s = sQ(T ). It can be shown that the sufficient conditions are the following inequalities: FQ(sQ(T ), T ) > sQ(T )
for low temperatures and F (sQ(T ), T ) < sQ(T ) for T → ∞. These conditions provide that at low T the rightmost
singularity of the isobaric partition is a simple pole, whereas for hight T the essential singularity sQ(T ) becomes its
rightmost one (see Fig. 1 and a detailed analysis of case µB $= 0).

or Δ = 0

Equation for 
Singularities:

2

On the basis of the statistical multifragmentation
model (SMM) [20] commonly used to study nuclear mul-
tifragmentation, there was recently formulated a simpli-
fied SMM version which was solved analytically both
for infinite [21, 22] and for finite [23–25] volumes of
the system. In the SMM the surface tension temper-
ature dependence differs from that one of the FDM,
but it was shown [22] that the value of Fisher exponent
τSMM = 1.825 ± 0.025, which contradicts to the FDM
value τFDM ≈ 2.16, is consistent with ISiS Collaboration
data [26] and EOS Collaboration data [27]. Lately, our
analytical results [22] were confirmed by the numerical
studies [28, 29].

Such an experimentally obtained range of the τ index
is of a principal importance because it gives a very strong
evidence that the SMM, and, thus, the nuclear matter,
has a tricritical endpoint rather than a critical endpoint
[21, 22].

This success of the SMM initiated the studies of the
surface partitions of large clusters within the Hills and
Dales Model [30, 31] and led to a discovery of the origin
of the temperature independent surface entropy similar
to the FDM. As a consequence, the surface tension co-
efficient of large clusters consisting of the discrete con-
stituents should linearly depend on the temperature of
the system [30] and must vanish at the critical endpoint.
However, the present formulation of the Hills and Dales
Model [30, 31], which successfully estimates the upper
and lower bounds of the surface deformations of the dis-
crete physical clusters, does not look suitable for quark-
gluon bags. Therefore, in this work we assume a certain
dependence of the surface tension coefficient on tempera-
ture and baryonic chemical potential, and concentrate on
the impact of surface tension of the quark-gluon bags on
the properties of the deconfinement phase diagram and
the QCD critical endpoint. A discussion of the origin of
the surface tension is a subject of our future work.

Here we will show that the existence of a cross-over at
low values of the baryonic chemical potential along with
the 1st order deconfinement PT at high baryonic chemical
potentials leads to the existence of an additional PT of
the 2nd or higher order along the curve where the surface
tension coefficient vanishes. Thus, it turns out that the
QGBST model predicts the existence of the tricritical
rather than critical endpoint.

The paper is organized as follows. Sect. II contains
the formulation of the basic ingredients of the GBM. In
Sect. III we formulate the QGBST model and analyze all
possible singularities of its isobaric partition for vanishing
baryonic densities. This analysis is generalized to non-
zero baryonic densities in Sect. IV. Sect. V is devoted
to the analysis of the surface tension induced PT which
exists above the deconfinement PT. The conclusions and
research perspectives are summarized in Sect. V.

II. BASIC INGREDIENTS OF THE GBM

To remind the basic ingredients of the GBM let us
consider the Van der Waals gas consisting of n hadronic
species, which are called bags in what follows, at zero
baryonic chemical potential. Its grand canonical parti-
tion (GCP) is given by [3]

Z(V, T ) =
∑

{Nk}

[ n
∏

k=1

[(V − v1N1 − ... − vnNn)φk(T )]Nk

Nk!

]

× θ (V − v1N1 − ... − vnNn) , (1)

where the function φk(T ) ≡ gk φ(T, mk)

φk(T ) ≡
gk

2π2

∞
∫

0

p2dp e−
(p2 + m2

k)1/2

T = gk
m2

kT

2π2
K2

(mk

T

)

is the particle density of bags of mass mk and eigen vol-
ume vk and degeneracy gk. Using the standard technique
of the Laplace transformation [3, 21] with respect to vol-
ume, one obtains the isobaric partition:

Ẑ(s, T ) ≡

∞
∫

0

dV exp(−sV ) Z(V, T ) =
1

[s − F (s, T )]
(2)

with F (s, T ) ≡
n

∑

j=1

exp (−vjs) gjφ(T, mj) . (3)

From the definition of pressure in the grand canonical
ensemble it follows that, in the thermodynamic limit, the
GCP of the system behaves as Z(V, T ) % exp [pV/T ]. An
exponentially increasing Z(V, T ) generates the rightmost
singularity s∗ = p/T of the function Ẑ(s, T ) in variable
s. This is because the integral over V in Eq. (2) diverges
at its upper limit for s < p/T . Therefore, the rightmost
singularity s∗ of Ẑ(s, T ) gives us the system pressure:

p(T ) = T lim
V →∞

lnZ(V, T )

V
= T s∗(T ) . (4)

The singularity s∗ of Ẑ(s, T ) (2) can be calculated from
the transcendental equation [3, 21]:

s∗(T ) = F (s∗, T ) . (5)

As long as the number of bags, n, is finite, the only pos-
sible singularities of Ẑ(s, T ) (2) are simple poles. For
example, for the ideal gas (n = 1; v1 = 0 in Eq. (5))
s∗ = g1φ(T, m1) and thus from Eq. (4) one gets p =
Tg1φ(T, m1) which corresponds to the grand canonical
ensemble ideal gas equation of state for the particles of
mass m1 and degeneracy g1.

However, in the case of an infinite number of sorts of
bags an essential singularity of Ẑ(s, T ) may appear. This
property is used in the GBM: to the finite sum over dif-
ferent bag states in (2) the integral

∫ ∞
M0

dm dv...ρ(m, v)
is added with the bag mass-volume spectrum, ρ(m, v),
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4

there are three possibilities.

Case I: σ(T ) > 0 is very similar to GBM with τ > 2.

sQ(T ) < 0 at low T ⇒ the simple pole s∗ = sH(T )
is the rightmost singularity.

At very high T the QGP pressure dominates
⇒ s∗ = sQ(T ) is the rightmost singularity.

PT occurs, when the singularities coincide:

sH(Tc) ≡
pH (Tc)

Tc
= sQ(Tc) ≡

pQ(Tc)
Tc

which is just Gibbs criterion.

PT order follows from T -derivatives of sH(T ).

s′H =
G + uKτ−1(∆,−σ) · s′Q

1 + uKτ−1(∆,−σ)
, where G ≡ F ′

H +
u′

u
FQ + (Tcep−2kT )σ(T )

(Tcep−T ) T uKτ−κ(∆,−σ) , (5)

∆ ≡ sH − sQ and Kτ−a(∆,−σ) ≡

∞
∫

Vo

dv
exp [−∆v − σ(T )vκ ]

vτ−a
, (6)

Since for σ(T ) > 0 all integrals are finite ⇒ s′H(Tc) $= s′Q(Tc), there must exists 1st order PT.

Case II: T = Tcep ⇒ σ(T ) = 0 is simply equivalent to GBM.

At s = sQ(Tcep) there exists PT for τ > 1. The PT order depends on τ :

s = FH(s, T ) + FQ(s, T ) with FQ(s, T ) ≡ u(T )

∞
∫

V0

dv
1

vτ
< ∞ , if τ > 1

Kτ−1(0, 0) ≡

∞
∫

Vo

dv
1

vτ−1
→ ∞ , if τ < 2 ⇒ s′H =

G + uKτ−1(∆,−σ) · s′Q
1 + uKτ−1(∆,−σ)

, (7)

For τ > 2 ⇒ s′H(Tcep) $= s′Q(Tcep), i.e. PT is 1st order.

For τ ≤ 2 ⇒ s′H(Tcep) = s′Q(Tcep), i.e. PT is 2nd or higher order.

Can be shown from second derivative that 2nd order PT exists for 3
2 < τ ≤ 2.

In general for (n + 1)/n ≤ τ < n/(n − 1) (n = 3, 4, 5, ...) there is a nth order phase transition

sH(Tc) = sQ(Tc) , s′H(Tc) = s′Q(Tc) , ...

s(n−1)
H (Tc) = s(n−1)

Q (Tc) , s(n)
H (Tc) $= s(n)

Q (Tc) , (8)

with s(n)
H (Tc) = ∞ for (n + 1)/n < τ < n/(n − 1) and

with a finite value of s(n)
H (Tc) for τ = (n + 1)/n.

The Role of Surface Tension. II
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The Role of Surface Tension. III

6

where ∆ ≡ sH − sQ.
Now it is easy to see that the transition is of the 1st order, i.e. s′Q(Tc) > s′H(Tc), provided σ(T ) > 0 for any τ . The

2nd or higher order phase transition takes place provided s′Q(Tc) = s′H(Tc) at T = Tc. The latter condition is satisfied
when Kτ−1 diverges to infinity at T → (Tc − 0), i.e. for T approaching Tc from below. Like for the GBM choice (??),
such a situation can exist for σ(Tc) = 0 and 3

2 < τ ≤ 2. Studying the higher T -derivatives of sH(T ) at Tc, one can
show that for σ(T ) ≡ 0 and for (n + 1)/n ≤ τ < n/(n − 1) (n = 3, 4, 5, ...) there is a nth order phase transition

sH(Tc) = sQ(Tc) , s′H(Tc) = s′Q(Tc) , ...

s(n−1)
H (Tc) = s(n−1)

Q (Tc) , s(n)
H (Tc) %= s(n)

Q (Tc) , (14)

with s(n)
H (Tc) = ∞ for (n + 1)/n < τ < n/(n − 1) and with a finite value of s(n)

H (Tc) for τ = (n + 1)/n.
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FIG. 2: Graphical solution of Eq. (??) which corresponds to a cross-over. The notations are the same as in Fig. 1. Now the
function F (s, ξ) diverges at s = sQ(ξ) (shown by dashed lines). In this case the simple pole sH is the rightmost singularity for
any value of ξ.

Case III: σ(T ) < 0 is principally different from GBM

and provides the cross-over existence.

Kτ (0,−σ) diverges irrespective to τ value!

Kτ (s − sQ(T ) > 0,−σ) is finite and decreasing function of s

⇒ simple pole is rightmost singularity as long as σ(T ) < 0

sQ(T ) can be rightmost singularity at sQ(T ) → ∞ (≡ T → ∞) only!

Compare this with Lattice QCD data and
N = 2 SUSY YM (Seiberg-Witten theory):

In Lattice QCD the Stefan-Boltzmann limit for pressure
and energy density of free q, q̄, g has not been seen yet above PT!

N = 2 SUSY YM (Seiberg-Witten theory) predicts such a behavior!

In QGBST model such a behavior is due to cross-over!

Parameter ξ can be T or μB 
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“RHIC serves the perfect fluid” – Hydrodynamic flow of the QGP∗

Ulrich Heinz

Department of Physics, The Ohio State University, Columbus, OH 43210, USA

Abstract

The bulk of the hot and dense matter created at RHIC behaves like an almost

ideal fluid. I present the evidence for this and also discuss what we can learn

about the transport properties of the quark-gluon plasma (QGP) from the grad-

ual breakdown of ideal fluid dynamic behavior at large transverse momenta,

lower beam energies, larger impact parameters, and forward rapidities.

1 The QCD Equation of State and ideal fluid dynamics

With relativistic heavy-ion collisions one explores the phase diagram of strongly interacting bulk matter

in the regime of high energy density and temperature. Lattice QCD (LQCD) tells us [1] that for zero net

baryon density QCD matter undergoes a phase transition at Tcr = 173 ± 15 MeV from a color-confined

hadron resonance gas (HG) to a color-deconfined quark-gluon plasma (QGP). The critical energy density

ecr " 0.7 GeV/fm3 [1] corresponds roughly to that in the center of a proton. At the phase transition, the

normalized energy density e/T 4 rises rapidly by about an order of magnitude over a narrow temperature

interval ∆T <
∼ 15 − 20 MeV, whereas the pressure p/T 4 (which is proportional to the grand canonical

thermodynamic potential) is continuous and rises more gradually (Fig. 1). Both seem to saturate at about

80-85% of the Stefan-Boltzmann value for an ideal gas of noninteracting quarks and gluons, the energy

density more quickly (at about 1.2Tcr), the pressure more slowly. Above about 2Tcr, the lattice data

follow the Equation of State of an ideal gas of massless particles, e = 3p.

For many years this observation has been interpreted as lattice QCD support for the hypothesis of

a weakly interacting, perturbative QGP. The recent RHIC data taught us that this interpretation was quite

wrong. The first part of the title of this talk, which was lifted from a coffee mug nowadays distributed by

Brookhaven National Laboratory to their guests, alludes to this exciting discovery.

It was recognized over 3 decades ago (see review [2]) that information about the EOS of strongly
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Fig. 1: The normalized energy density e/T 4 (left) and pressure p/T 4 (right) from lattice QCD [1] for 0, 2 and 3

light quark flavors, as well as for 2 light + 1 heavier (strange) quark flavors. Horizontal arrows on the right indicate

the corresponding Stefan-Boltzmann values for a non-interacting quark-gluon gas.

interacting matter can be extracted by studying the collective dynamics of relativistic heavy-ion colli-

sions. This connection is particularly direct in the framework of ideal fluid dynamics which becomes

applicable if the matter formed in the collision approaches local thermal equilibrium. The latter requires
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Equation for 
Singularities:

2

On the basis of the statistical multifragmentation
model (SMM) [20] commonly used to study nuclear mul-
tifragmentation, there was recently formulated a simpli-
fied SMM version which was solved analytically both
for infinite [21, 22] and for finite [23–25] volumes of
the system. In the SMM the surface tension temper-
ature dependence differs from that one of the FDM,
but it was shown [22] that the value of Fisher exponent
τSMM = 1.825 ± 0.025, which contradicts to the FDM
value τFDM ≈ 2.16, is consistent with ISiS Collaboration
data [26] and EOS Collaboration data [27]. Lately, our
analytical results [22] were confirmed by the numerical
studies [28, 29].

Such an experimentally obtained range of the τ index
is of a principal importance because it gives a very strong
evidence that the SMM, and, thus, the nuclear matter,
has a tricritical endpoint rather than a critical endpoint
[21, 22].

This success of the SMM initiated the studies of the
surface partitions of large clusters within the Hills and
Dales Model [30, 31] and led to a discovery of the origin
of the temperature independent surface entropy similar
to the FDM. As a consequence, the surface tension co-
efficient of large clusters consisting of the discrete con-
stituents should linearly depend on the temperature of
the system [30] and must vanish at the critical endpoint.
However, the present formulation of the Hills and Dales
Model [30, 31], which successfully estimates the upper
and lower bounds of the surface deformations of the dis-
crete physical clusters, does not look suitable for quark-
gluon bags. Therefore, in this work we assume a certain
dependence of the surface tension coefficient on tempera-
ture and baryonic chemical potential, and concentrate on
the impact of surface tension of the quark-gluon bags on
the properties of the deconfinement phase diagram and
the QCD critical endpoint. A discussion of the origin of
the surface tension is a subject of our future work.

Here we will show that the existence of a cross-over at
low values of the baryonic chemical potential along with
the 1st order deconfinement PT at high baryonic chemical
potentials leads to the existence of an additional PT of
the 2nd or higher order along the curve where the surface
tension coefficient vanishes. Thus, it turns out that the
QGBST model predicts the existence of the tricritical
rather than critical endpoint.

The paper is organized as follows. Sect. II contains
the formulation of the basic ingredients of the GBM. In
Sect. III we formulate the QGBST model and analyze all
possible singularities of its isobaric partition for vanishing
baryonic densities. This analysis is generalized to non-
zero baryonic densities in Sect. IV. Sect. V is devoted
to the analysis of the surface tension induced PT which
exists above the deconfinement PT. The conclusions and
research perspectives are summarized in Sect. V.

II. BASIC INGREDIENTS OF THE GBM

To remind the basic ingredients of the GBM let us
consider the Van der Waals gas consisting of n hadronic
species, which are called bags in what follows, at zero
baryonic chemical potential. Its grand canonical parti-
tion (GCP) is given by [3]

Z(V, T ) =
∑

{Nk}

[ n
∏

k=1

[(V − v1N1 − ... − vnNn)φk(T )]Nk

Nk!

]

× θ (V − v1N1 − ... − vnNn) , (1)

where the function φk(T ) ≡ gk φ(T, mk)

φk(T ) ≡
gk

2π2

∞
∫

0

p2dp e−
(p2 + m2

k)1/2

T = gk
m2

kT

2π2
K2

(mk

T

)

is the particle density of bags of mass mk and eigen vol-
ume vk and degeneracy gk. Using the standard technique
of the Laplace transformation [3, 21] with respect to vol-
ume, one obtains the isobaric partition:

Ẑ(s, T ) ≡

∞
∫

0

dV exp(−sV ) Z(V, T ) =
1

[s − F (s, T )]
(2)

with F (s, T ) ≡
n

∑

j=1

exp (−vjs) gjφ(T, mj) . (3)

From the definition of pressure in the grand canonical
ensemble it follows that, in the thermodynamic limit, the
GCP of the system behaves as Z(V, T ) % exp [pV/T ]. An
exponentially increasing Z(V, T ) generates the rightmost
singularity s∗ = p/T of the function Ẑ(s, T ) in variable
s. This is because the integral over V in Eq. (2) diverges
at its upper limit for s < p/T . Therefore, the rightmost
singularity s∗ of Ẑ(s, T ) gives us the system pressure:

p(T ) = T lim
V →∞

lnZ(V, T )

V
= T s∗(T ) . (4)

The singularity s∗ of Ẑ(s, T ) (2) can be calculated from
the transcendental equation [3, 21]:

s∗(T ) = F (s∗, T ) . (5)

As long as the number of bags, n, is finite, the only pos-
sible singularities of Ẑ(s, T ) (2) are simple poles. For
example, for the ideal gas (n = 1; v1 = 0 in Eq. (5))
s∗ = g1φ(T, m1) and thus from Eq. (4) one gets p =
Tg1φ(T, m1) which corresponds to the grand canonical
ensemble ideal gas equation of state for the particles of
mass m1 and degeneracy g1.

However, in the case of an infinite number of sorts of
bags an essential singularity of Ẑ(s, T ) may appear. This
property is used in the GBM: to the finite sum over dif-
ferent bag states in (2) the integral

∫ ∞
M0

dm dv...ρ(m, v)
is added with the bag mass-volume spectrum, ρ(m, v),
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Case III: σ(T ) < 0 is principally different from GBM

and provides the cross-over existence.

Kτ (0,−σ) diverges irrespective to τ value!

Kτ (s− sQ(T ) > 0,−σ) is finite and decreasing function of s

⇒ simple pole is rightmost singularity as long as σ(T ) < 0

sQ(T ) can be rightmost singularity at sQ(T )→∞
(≡ T →∞) only!

Compare this with Lattice QCD data and
N = 2 SUSY YM (Seiberg-Witten theory):

In Lattice QCD the Stefan-Boltzmann limit for pressure
and energy density of free q, q̄, g has not been seen yet
above PT!

N = 2 SUSY YM (Seiberg-Witten theory) predicts
such a behavior for finite T !

QGBST model can easily handle such a behavior due to cross-over!

(III) A principally new possibility exists for T > Tcep, where σ(T ) < 0. In this case there exists a cross-over. Its
existence can be shown as follows. Let us solve the equation for singularities (??) graphically (see Fig. 2). For
σ(T ) < 0 the function FQ(s, T ) diverges at s = sQ(T ). On the other hand, the partial derivatives ∂FH(s,T )

∂s < 0 and
∂FQ(s,T )

∂s < 0 are always negative. Therefore, the function F (s, T ) ≡ FH(s, T )+FQ(s, T ) is a monotonically decreasing
function of s, which vanishes at s → ∞. Since the left hand side of Eq. (??) is a monotonically increasing function
of s, then there can exist a single intersection s∗ of s and F (s, T ) functions. Moreover, for finite sQ(T ) values this
intersection can occur on the right hand side of the point s = sQ(T ), i.e. s∗ > sQ(T ) (see Fig. 2). Thus, in this
case the essential singularity s = sQ(T ) can become the rightmost one for infinite temperature only. In other words,
the pressure of the pure QGP can be reached at infinite T , whereas for finite T the hadronic mass spectrum gives a
non-zero contribution into all thermodynamic functions.

Note also that all these nice properties would vanish, if the reduced surface tension coefficient is zero or positive
above Tcep. This is one of the crucial points of the present model which puts forward certain doubts about the
vanishing of the reduced surface tension coefficient in the FDM [13] and SMM [20]. These doubts are also supported
by the first principle results obtained by the Hills and Dales Model [30, 31], because the surface entropy simply counts
the degeneracy of a cluster of a fixed volume and it does not physically affect the surface energy of this cluster.

III. GENERALIZATION TO NON-ZERO BARYONIC DENSITIES

The possibilities (I)-(III) discussed in the preceding section remain unchanged for non-zero baryonic numbers.
The latter should be included into consideration to make our model more realistic. To keep the presentation simple,
we do not account for strangeness. The inclusion of the baryonic charge of the quark-gluon bags does not change the
two types of singularities of the isobaric partition (2) and the corresponding equation for them (??), but it leads to
the following modifications of the FH and FQ functions:

Inclusion of baryonic charge does not change the two types of singularities:

µB is baryonic chemical potential, bj is charge of j-th hadron;

31
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FIG. 1: Graphical solution of Eq. (??) which corresponds to a PT. The solution of Eq. (??) is shown by a filled hexagon. The
function F (s, ξ) is shown by a solid curve for a few values of the parameter ξ. The function F (s, ξ) diverges for s < sQ(ξ) (shown
by dashed lines), but is finite at s = sQ(ξ) . At low values of the parameter ξ = ξA, which can be either T or µB , the simple pole
sH is the rightmost singularity and it corresponds to hadronic phase. For ξ = ξB ! ξA the rightmost singularity is an essential
singularity s = sQ(ξB), which describes QGP. At intermediate value ξ = ξC both singularities coincide sH(ξC) = sQ(ξC) and
this condition is a Gibbs criterion.

show that for σ(T ) ≡ 0 and for (n + 1)/n ≤ τ < n/(n − 1) (n = 3, 4, 5, ...) there is a nth order phase transition

sH(Tc) = sQ(Tc) , s′H(Tc) = s′Q(Tc) , ...

s(n−1)
H (Tc) = s(n−1)

Q (Tc) , s(n)
H (Tc) $= s(n)

Q (Tc) , (9)

with s(n)
H (Tc) = ∞ for (n + 1)/n < τ < n/(n − 1) and with a finite value of s(n)

H (Tc) for τ = (n + 1)/n.

sHSQ

!A

!B

SQ SH< <S

FIG. 2: Graphical solution of Eq. (??) which corresponds to a cross-over. The notations are the same as in Fig. 1. Now the
function F (s, ξ) diverges at s = sQ(ξ) (shown by dashed lines). In this case the simple pole sH is the rightmost singularity for
any value of ξ.

(II) The second possibility, σ(T ) ≡ 0, described in the preceding paragraph, does not give anything new compared
to the GBM [3, 7]. If the PT exists, then the graphical picture of singularities is basically similar to Fig. 1. The only
difference is that, depending on the PT order, the derivatives of F (s, T ) function with respect to s should diverge at
s = sQ(Tc).

(III) A principally new possibility exists for T > Tcep, where σ(T ) < 0. In this case there exists a cross-over. Its
existence can be shown as follows. Let us solve the equation for singularities (??) graphically (see Fig. 2). For

Here parameter ξ is  μB 
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(III) A principally new possibility exists for T > Tcep, where σ(T ) < 0. In this case there exists a cross-over. Its
existence can be shown as follows. Let us solve the equation for singularities (??) graphically (see Fig. 2). For

σ(T ) < 0 the function FQ(s, T ) diverges at s = sQ(T ). On the other hand, the partial derivatives ∂FH(s,T )
∂s

< 0 and
∂FQ(s,T )

∂s < 0 are always negative. Therefore, the function F (s, T ) ≡ FH(s, T )+FQ(s, T ) is a monotonically decreasing
function of s, which vanishes at s → ∞. Since the left hand side of Eq. (??) is a monotonically increasing function
of s, then there can exist a single intersection s∗ of s and F (s, T ) functions. Moreover, for finite sQ(T ) values this
intersection can occur on the right hand side of the point s = sQ(T ), i.e. s∗ > sQ(T ) (see Fig. 2). Thus, in this
case the essential singularity s = sQ(T ) can become the rightmost one for infinite temperature only. In other words,
the pressure of the pure QGP can be reached at infinite T , whereas for finite T the hadronic mass spectrum gives a
non-zero contribution into all thermodynamic functions.

Note also that all these nice properties would vanish, if the reduced surface tension coefficient is zero or positive
above Tcep. This is one of the crucial points of the present model which puts forward certain doubts about the
vanishing of the reduced surface tension coefficient in the FDM [13] and SMM [20]. These doubts are also supported
by the first principle results obtained by the Hills and Dales Model [30, 31], because the surface entropy simply counts
the degeneracy of a cluster of a fixed volume and it does not physically affect the surface energy of this cluster.

III. GENERALIZATION TO NON-ZERO BARYONIC DENSITIES

The possibilities (I)-(III) discussed in the preceding section remain unchanged for non-zero baryonic numbers.
The latter should be included into consideration to make our model more realistic. To keep the presentation simple,
we do not account for strangeness. The inclusion of the baryonic charge of the quark-gluon bags does not change the
two types of singularities of the isobaric partition (2) and the corresponding equation for them (??), but it leads to
the following modifications of the FH and FQ functions:

Inclusion of baryonic charge does not change the two types of singularities:

µB is baryonic chemical potential, bj is charge of j-th hadron;
u(T, µB) can be derived from some spectrum ρ(m, v, b)

FH(s, T, µB) =
n

∑

j=1

gje
bjµB

T −vjsφ(T, mj) , (15)

FQ(s, T, µB) = u(T, µB)

∞
∫

V0

dv exp[(sQ(T,µB)−s)v−σ(T )vκ ]
vτ . (16)

QGP pressure pQ = TsQ(T, µB) can be chosen in several ways.
For definiteness we use the MIT Bag model pressure

pQ =
π2

90
T 4

[

95

2
+

10

π2

(µB

T

)2
+

5

9π4

(µB

T

)4
]

− B (17)

u(T, µB), B should obey the sufficient conditions for a PT existence:

F (sQ(T, µB = 0) + 0, T, µB = 0) > sQ(T, µB = 0) , (18)

F (sQ(T, µB) + 0, T, µB) < sQ(T, µB) , for all µB > µA. (19)

The condition (18) provides that the simple pole singularity s∗ = sH(T, µB = 0) is the rightmost one at vanishing
µB = 0 and given T , whereas the condition (19) ensures that s∗ = sQ(T, µB) is the rightmost singularity of the
isobaric partition for all values of the baryonic chemical potential above some positive constant µA. This can be
seen in Fig. 1 for µB being a variable. Since F (s, T, µB), where it exists, is a continuous function of its parameters,
one concludes that, if the conditions (18) and (19), are fulfilled, then at some chemical potential µc

B(T ) the both
singularities should be equal. Thus, one arrives at the Gibbs criterion (10), but for two variables

sH(T, µc
B(T )) = sQ(T, µc

B(T )) . (20)

Equation for 
Singularities:

2

On the basis of the statistical multifragmentation
model (SMM) [20] commonly used to study nuclear mul-
tifragmentation, there was recently formulated a simpli-
fied SMM version which was solved analytically both
for infinite [21, 22] and for finite [23–25] volumes of
the system. In the SMM the surface tension temper-
ature dependence differs from that one of the FDM,
but it was shown [22] that the value of Fisher exponent
τSMM = 1.825 ± 0.025, which contradicts to the FDM
value τFDM ≈ 2.16, is consistent with ISiS Collaboration
data [26] and EOS Collaboration data [27]. Lately, our
analytical results [22] were confirmed by the numerical
studies [28, 29].

Such an experimentally obtained range of the τ index
is of a principal importance because it gives a very strong
evidence that the SMM, and, thus, the nuclear matter,
has a tricritical endpoint rather than a critical endpoint
[21, 22].

This success of the SMM initiated the studies of the
surface partitions of large clusters within the Hills and
Dales Model [30, 31] and led to a discovery of the origin
of the temperature independent surface entropy similar
to the FDM. As a consequence, the surface tension co-
efficient of large clusters consisting of the discrete con-
stituents should linearly depend on the temperature of
the system [30] and must vanish at the critical endpoint.
However, the present formulation of the Hills and Dales
Model [30, 31], which successfully estimates the upper
and lower bounds of the surface deformations of the dis-
crete physical clusters, does not look suitable for quark-
gluon bags. Therefore, in this work we assume a certain
dependence of the surface tension coefficient on tempera-
ture and baryonic chemical potential, and concentrate on
the impact of surface tension of the quark-gluon bags on
the properties of the deconfinement phase diagram and
the QCD critical endpoint. A discussion of the origin of
the surface tension is a subject of our future work.

Here we will show that the existence of a cross-over at
low values of the baryonic chemical potential along with
the 1st order deconfinement PT at high baryonic chemical
potentials leads to the existence of an additional PT of
the 2nd or higher order along the curve where the surface
tension coefficient vanishes. Thus, it turns out that the
QGBST model predicts the existence of the tricritical
rather than critical endpoint.

The paper is organized as follows. Sect. II contains
the formulation of the basic ingredients of the GBM. In
Sect. III we formulate the QGBST model and analyze all
possible singularities of its isobaric partition for vanishing
baryonic densities. This analysis is generalized to non-
zero baryonic densities in Sect. IV. Sect. V is devoted
to the analysis of the surface tension induced PT which
exists above the deconfinement PT. The conclusions and
research perspectives are summarized in Sect. V.

II. BASIC INGREDIENTS OF THE GBM

To remind the basic ingredients of the GBM let us
consider the Van der Waals gas consisting of n hadronic
species, which are called bags in what follows, at zero
baryonic chemical potential. Its grand canonical parti-
tion (GCP) is given by [3]

Z(V, T ) =
∑

{Nk}

[ n
∏

k=1

[(V − v1N1 − ... − vnNn)φk(T )]Nk

Nk!

]

× θ (V − v1N1 − ... − vnNn) , (1)

where the function φk(T ) ≡ gk φ(T, mk)

φk(T ) ≡
gk

2π2

∞
∫

0

p2dp e−
(p2 + m2

k)1/2

T = gk
m2

kT

2π2
K2

(mk

T

)

is the particle density of bags of mass mk and eigen vol-
ume vk and degeneracy gk. Using the standard technique
of the Laplace transformation [3, 21] with respect to vol-
ume, one obtains the isobaric partition:

Ẑ(s, T ) ≡

∞
∫

0

dV exp(−sV ) Z(V, T ) =
1

[s − F (s, T )]
(2)

with F (s, T ) ≡
n

∑

j=1

exp (−vjs) gjφ(T, mj) . (3)

From the definition of pressure in the grand canonical
ensemble it follows that, in the thermodynamic limit, the
GCP of the system behaves as Z(V, T ) % exp [pV/T ]. An
exponentially increasing Z(V, T ) generates the rightmost
singularity s∗ = p/T of the function Ẑ(s, T ) in variable
s. This is because the integral over V in Eq. (2) diverges
at its upper limit for s < p/T . Therefore, the rightmost
singularity s∗ of Ẑ(s, T ) gives us the system pressure:

p(T ) = T lim
V →∞

lnZ(V, T )

V
= T s∗(T ) . (4)

The singularity s∗ of Ẑ(s, T ) (2) can be calculated from
the transcendental equation [3, 21]:

s∗(T ) = F (s∗, T ) . (5)

As long as the number of bags, n, is finite, the only pos-
sible singularities of Ẑ(s, T ) (2) are simple poles. For
example, for the ideal gas (n = 1; v1 = 0 in Eq. (5))
s∗ = g1φ(T, m1) and thus from Eq. (4) one gets p =
Tg1φ(T, m1) which corresponds to the grand canonical
ensemble ideal gas equation of state for the particles of
mass m1 and degeneracy g1.

However, in the case of an infinite number of sorts of
bags an essential singularity of Ẑ(s, T ) may appear. This
property is used in the GBM: to the finite sum over dif-
ferent bag states in (2) the integral

∫ ∞
M0

dm dv...ρ(m, v)
is added with the bag mass-volume spectrum, ρ(m, v),
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Assume: the sufficient conditions are satisfied. ⇒
the equality of two singularities gives the Gibbs criterion:

sH(T, µc
B(T )) = sQ(T, µc

B(T )) (20)

⇒ µB = µc
B(T ) phase equilibrium line.

σ(T ) > 0 σ(T ) = 0 σ(T ) < 0

It is easy to see that the inequalities (18) and (19) are the sufficient conditions of a PT existence for more complicated
functional dependencies of FH(s, T, µB) and FQ(s, T, µB) than the ones used here.
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FIG. 3: A schematic picture of the deconfinement phase transition diagram in the plane of baryonic density ρB and T for the
2nd order PT at the critical endpoint (CEP), i.e. for 3

2
< τ ≤ 2. For the 3rd (or higher) order PT the boundary of the mixed

and hadronic phases (dashed curve) should have the same slope as the boundary of the mixed phase and QGP (solid curve) at
the CEP.

For our choice (15), (16) and (17) of FH(s, T, µB) and FQ(s, T, µB) functions the PT exists at T < Tcep, because
the sufficient conditions (18) and (19) can be easily fulfilled by a proper choice of the bag constant B and the function
u(T, µB) > 0 for the interval T ≤ Tup with the constant Tup > Tcep. Clearly, this is the 1st order PT, since the surface
tension is finite and it provides the convergence of the integrals (12) and (13) in the expression (11), where the usual
T -derivatives should be now understood as the partial ones for µB = const.

Assuming that the conditions (18) and (19) are fulfilled by the correct choice of the model parameters B and
u(T, µB) > 0, one can see now that at T = Tcep there exists a PT as well, but its order is defined by the value of τ .
As was discussed in the preceding section for 3

2 < τ ≤ 2 there exists the 2nd order PT. For 1 < τ ≤ 3
2 there exist the

PT of higher order, defined by the conditions formulated in Eq. (14). This is a new possibility, which, to our best
knowledge, does not contradict to any general physical principle (see Fig. 3).

The case τ > 2 can be ruled out because there must exist the first order PT for T ≥ Tcep, whereas for T < Tcep

there exists the cross-over. Thus, the critical endpoint in T − µB plane will correspond to the critical interval in the
temperature-baryonic density plane. Since such a structure of the phase diagram in the variables temperature-density
has, to our knowledge, never been observed, we conclude that the case τ > 2 is unrealistic (see Fig. 4). Note that a
similar phase diagram exists in the FDM with the only difference that the boundary of the mixed and liquid phases
(the latter in the QGBST model corresponds to QGP) is moved to infinite particle density.

IV. SURFACE TENSION INDUCED PHASE TRANSITION

Using our results for the case (III) of the preceding section, we conclude that above Tcep there is a cross-over, i.e.
the QGP and hadrons coexist together up to the infinite values of T and/or µB. Now, however, it is necessary to
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similar phase diagram exists in the FDM with the only difference that the boundary of the mixed and liquid phases
(the latter in the QGBST model corresponds to QGP) is moved to infinite particle density.

IV. SURFACE TENSION INDUCED PHASE TRANSITION

Using our results for the case (III) of the preceding section, we conclude that above Tcep there is a cross-over, i.e.
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It is easy to see that the inequalities (18) and (19) are the sufficient conditions of a PT existence for more complicated
functional dependencies of FH(s, T, µB) and FQ(s, T, µB) than the ones used here.
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FIG. 3: A schematic picture of the deconfinement phase transition diagram in the plane of baryonic density ρB and T for the
2nd order PT at the critical endpoint (CEP), i.e. for 3

2
< τ ≤ 2. For the 3rd (or higher) order PT the boundary of the mixed

and hadronic phases (dashed curve) should have the same slope as the boundary of the mixed phase and QGP (solid curve) at
the CEP.

For our choice (15), (16) and (17) of FH(s, T, µB) and FQ(s, T, µB) functions the PT exists at T < Tcep, because
the sufficient conditions (18) and (19) can be easily fulfilled by a proper choice of the bag constant B and the function
u(T, µB) > 0 for the interval T ≤ Tup with the constant Tup > Tcep. Clearly, this is the 1st order PT, since the surface
tension is finite and it provides the convergence of the integrals (12) and (13) in the expression (11), where the usual
T -derivatives should be now understood as the partial ones for µB = const.

Assuming that the conditions (18) and (19) are fulfilled by the correct choice of the model parameters B and
u(T, µB) > 0, one can see now that at T = Tcep there exists a PT as well, but its order is defined by the value of τ .
As was discussed in the preceding section for 3

2 < τ ≤ 2 there exists the 2nd order PT. For 1 < τ ≤ 3
2 there exist the

PT of higher order, defined by the conditions formulated in Eq. (14). This is a new possibility, which, to our best
knowledge, does not contradict to any general physical principle (see Fig. 3).

The case τ > 2 can be ruled out because there must exist the first order PT for T ≥ Tcep, whereas for T < Tcep

there exists the cross-over. Thus, the critical endpoint in T − µB plane will correspond to the critical interval in the
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has, to our knowledge, never been observed, we conclude that the case τ > 2 is unrealistic (see Fig. 4). Note that a
similar phase diagram exists in the FDM with the only difference that the boundary of the mixed and liquid phases
(the latter in the QGBST model corresponds to QGP) is moved to infinite particle density.
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FIG. 4: A schematic picture of the deconfinement phase transition diagram in the plane of baryonic density ρB and T for
τ > 2. The critical endpoint in the µB − T plane generates the critical end line (CELine) in the ρB − T plane shown by the
thick horizontal line. This occurs because of the discontinuity of the partial derivatives of sH and sQ functions with respect to
µB and T .

IV. SURFACE TENSION INDUCED PHASE TRANSITION

Using our results for the case (III) of the preceding section, we conclude that above Tcep there is a cross-over, i.e.
the QGP and hadrons coexist together up to the infinite values of T and/or µB. Now, however, it is necessary to
answer the question: How can the two different sets of singularities that exist on two sides of the line T = Tcep provide
the continuity of the solution of Eq. (??)?

It is easy to answer this question for µB < µc
B(Tcep) because in this case all partial T derivatives of sH(T, µB), which

is the rightmost singularity, exist and are finite at any point of the line T = Tcep. This can be seen from the fact that for
the considered region of parameters sH(T, µB) is the rightmost singularity and, consequently, sH(T, µB) > sQ(T, µB).
The latter inequality provides the existence and finiteness of the volume integral in FQ(s, T, µB). In combination with
the power T dependence of the reduced surface tension coefficient σ(T ) the same inequality provides the existence
and finiteness of all its partial T derivatives of FQ(s, T, µB) regardless to the sign of σ(T ). Thus, using the Taylor
expansion in powers of (T − Tcep) at any point of the interval T = Tcep and µB < µc

B(Tcep), one can calculate
sH(T, µB) for the values of T > Tcep which are inside the convergency radius of the Taylor expansion.

The other situation is for µB ≥ µc
B(Tcep) and T > Tcep, namely in this case above the deconfinement PT there

must exist a weaker PT induced by the disappearance of the reduced surface tension coefficient. To demonstrate this
we have solve Eq. (??) in the limit, when T approaches the curve T = Tcep from above, i.e. for T → Tcep + 0, and
study the behavior of T derivatives of the solution of Eq. (??) s∗ for fixed values of µB. For this purpose we have to
evaluate the integrals Kτ (∆, γ2) introduced in Eq. (13). Here the notations ∆ ≡ s∗ − sQ(T, µB) and γ2 ≡ −σ(T ) > 0
are introduced for convenience.

To avoid the unpleasant behavior for τ ≤ 2 it is convenient to transform (13) further on by integrating by parts:

Kτ (∆, γ2) ≡ gτ (V0) −
∆

(τ − 1)
Kτ−1(∆, γ2)+

κ γ2

(τ − 1)
Kτ−κ(∆, γ2) , (21)

where the regular function gτ (V0) is defined as

gτ (V0) ≡
1

(τ − 1)V τ−1
0

exp
[

−∆V0 + γ2V κ

0

]

. (22)
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For our choice (15), (16) and (17) of FH(s, T, µB) and FQ(s, T, µB) functions the PT exists at T < Tcep, because
the sufficient conditions (18) and (19) can be easily fulfilled by a proper choice of the bag constant B and the function
u(T, µB) > 0 for the interval T ≤ Tup with the constant Tup > Tcep. Clearly, this is the 1st order PT, since the surface
tension is finite and it provides the convergence of the integrals (12) and (13) in the expression (11), where the usual
T -derivatives should be now understood as the partial ones for µB = const.

Assuming that the conditions (18) and (19) are fulfilled by the correct choice of the model parameters B and
u(T, µB) > 0, one can see now that at T = Tcep there exists a PT as well, but its order is defined by the value of τ .
As was discussed in the preceding section for 3

2 < τ ≤ 2 there exists the 2nd order PT. For 1 < τ ≤ 3
2 there exist the

PT of higher order, defined by the conditions formulated in Eq. (14). This is a new possibility, which, to our best
knowledge, does not contradict to any general physical principle (see Fig. 3).

The case τ > 2 can be ruled out because there must exist the first order PT for T ≥ Tcep, whereas for T < Tcep

there exists the cross-over. Thus, the critical endpoint in T − µB plane will correspond to the critical interval in the
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temperature-baryonic density plane. Since such a structure of the phase diagram in the variables temperature-density
has, to our knowledge, never been observed, we conclude that the case τ > 2 is unrealistic (see Fig. 4). Note that a
similar phase diagram exists in the FDM with the only difference that the boundary of the mixed and liquid phases
(the latter in the QGBST model corresponds to QGP) is moved to infinite particle density.
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FIG. 4: A schematic picture of the deconfinement phase transition diagram in the plane of baryonic density ρB and T for
τ > 2. The critical endpoint in the µB − T plane generates the critical end line (CELine) in the ρB − T plane shown by the
thick horizontal line. This occurs because of the discontinuity of the partial derivatives of sH and sQ functions with respect to
µB and T .

IV. SURFACE TENSION INDUCED PHASE TRANSITION

The continuity of the solution: at the region µB < µc
B(Tcep) is easy to show.

For T ≤ Tcep simple pole is ALWAYS the rightmost singularity
⇒ the change of FQ behavior does not matter.

For T > Tcep simple pole is the ONLY singularity! ⇒

I.e. since ∆ ≡ s − sQ(T, µB) > 0 and sign of σ(T ) does not matter!

All T and µB derivatives of FQ exist and are finite ⇒
all T and µB derivatives of pressure are finite as well.

For µB ≥ µc
B(Tcep) and T > Tcep there exists PT of 2nd or higher order.

Consider the limit T → Tcep + 0 or γ2 ≡ −σ(T ) > 0

There are two possibilities: either ν ≡ γ2∆−κ → Const or ν ≡ γ2∆−κ → 0
(otherwise solution s∗ does not exist)

Assuming that ∆ = A γα + O(γα+1) , ⇒ ∂∆
∂T

= ∂γ
∂T

[

Aα γα−1 + O(γα)
]

∼ (2 k+1)A α γα

2 (T−Tcep) ,

And comparing with
∂∆

∂T
=

G2 + uKτ−κ(∆, γ2) 2 γγ′

1 + uKτ−1(∆, γ2)
≈

∆2−τG2

uKτ−1(1, ν)
+

2 γγ′∆1−κ [ν κ Kτ−2κ(1, ν) −Kτ−1−κ(1, ν)]

(τ − 1 − κ)Kτ−1(1, ν)
(21)
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the equality of two singularities gives the Gibbs criterion:
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B(T )) = sQ(T, µc
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⇒ µB = µc
B(T ) phase equilibrium line.

σ(T ) > 0 σ(T ) = 0 σ(T ) < 0

It is easy to see that the inequalities (18) and (19) are the sufficient conditions of a PT existence for more complicated
functional dependencies of FH(s, T, µB) and FQ(s, T, µB) than the ones used here.
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2nd order PT at the critical endpoint (CEP), i.e. for 3

2
< τ ≤ 2. For the 3rd (or higher) order PT the boundary of the mixed

and hadronic phases (dashed curve) should have the same slope as the boundary of the mixed phase and QGP (solid curve) at
the CEP.

For our choice (15), (16) and (17) of FH(s, T, µB) and FQ(s, T, µB) functions the PT exists at T < Tcep, because
the sufficient conditions (18) and (19) can be easily fulfilled by a proper choice of the bag constant B and the function
u(T, µB) > 0 for the interval T ≤ Tup with the constant Tup > Tcep. Clearly, this is the 1st order PT, since the surface
tension is finite and it provides the convergence of the integrals (12) and (13) in the expression (11), where the usual
T -derivatives should be now understood as the partial ones for µB = const.

Assuming that the conditions (18) and (19) are fulfilled by the correct choice of the model parameters B and
u(T, µB) > 0, one can see now that at T = Tcep there exists a PT as well, but its order is defined by the value of τ .
As was discussed in the preceding section for 3

2 < τ ≤ 2 there exists the 2nd order PT. For 1 < τ ≤ 3
2 there exist the

PT of higher order, defined by the conditions formulated in Eq. (14). This is a new possibility, which, to our best
knowledge, does not contradict to any general physical principle (see Fig. 3).

The case τ > 2 can be ruled out because there must exist the first order PT for T ≥ Tcep, whereas for T < Tcep

there exists the cross-over. Thus, the critical endpoint in T − µB plane will correspond to the critical interval in the
temperature-baryonic density plane. Since such a structure of the phase diagram in the variables temperature-density
has, to our knowledge, never been observed, we conclude that the case τ > 2 is unrealistic (see Fig. 4). Note that a
similar phase diagram exists in the FDM with the only difference that the boundary of the mixed and liquid phases
(the latter in the QGBST model corresponds to QGP) is moved to infinite particle density.
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Using our results for the case (III) of the preceding section, we conclude that above Tcep there is a cross-over, i.e.
the QGP and hadrons coexist together up to the infinite values of T and/or µB. Now, however, it is necessary to

8

Assume: the sufficient conditions are satisfied. ⇒
the equality of two singularities gives the Gibbs criterion:

sH(T, µc
B(T )) = sQ(T, µc

B(T )) (20)

⇒ µB = µc
B(T ) phase equilibrium line.

σ(T ) > 0 σ(T ) = 0 σ(T ) < 0

It is easy to see that the inequalities (18) and (19) are the sufficient conditions of a PT existence for more complicated
functional dependencies of FH(s, T, µB) and FQ(s, T, µB) than the ones used here.

!B

CEP

Hadrons

M
ix

e
d
 P

h
a
se

T 

QGP

cross!over

FIG. 3: A schematic picture of the deconfinement phase transition diagram in the plane of baryonic density ρB and T for the
2nd order PT at the critical endpoint (CEP), i.e. for 3

2
< τ ≤ 2. For the 3rd (or higher) order PT the boundary of the mixed

and hadronic phases (dashed curve) should have the same slope as the boundary of the mixed phase and QGP (solid curve) at
the CEP.

For our choice (15), (16) and (17) of FH(s, T, µB) and FQ(s, T, µB) functions the PT exists at T < Tcep, because
the sufficient conditions (18) and (19) can be easily fulfilled by a proper choice of the bag constant B and the function
u(T, µB) > 0 for the interval T ≤ Tup with the constant Tup > Tcep. Clearly, this is the 1st order PT, since the surface
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   Results for TriCEP
Our group has calculated the critical indices for this case and 

found that the phase diagram must look like shown below
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Σ(T, µB) > 0 Σ(T, µB) > 0 Σ(TΣ(µB), µB) = 0
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Σ(T, µB) > 0 Σ(T, µB) < 0 Σ(TΣ(µB), µB) = 0

15

Σ(T, µB) > 0 Σ(T, µB) < 0 Σ(TΣ, µB) = 0

cross-over

2-nd order phase transition

What about the critical endpoint?

9

s = sQ(T, µB) due to Gibbs criterion;

and Σ = 0 ⇒ power law for bag volume v > 1 fm3

⇒ power law for most probable bag mass > 2.5 GeV?

• Huge deficit in the number of resonances compared to Hagedorn spectrum ∼ e
m

TH

• Is consistent with asymptotically linear Regge trajectories of hadrons in a vacuum

•Allows one to describe LQCD data and extract the resonance width in a medium

T ± ≡ TΣ(µB) ± 0

Change in notations: σ ⇔ Σ

Power law for 
v-distribution!

A. Ivanytskyi, NPA(2012) 880
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B

cross-over

Main idea:    
to match the curves of deconfinement PT and Σ = 0!

Prediction:    
the power law in V-distribution of bags will be not just at CEP 

as one would expect,  but in the mixed phase with Σ = 0!

   CEP Generation

K.A.B., V.K. Petrov, G.M. Zinovjev,
  Phys. Part. Nucl. Lett. (2012) 9
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Structure of singularities for CEPStructure of IP singularities

Singularities of the IP and corresponding graphical solution of Eq.
s∗ = F (s∗, T, µB).
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Case of triCEP PRC 76 (2007) Case of CEP arXiv:0904.4420

Parameter ξ can be either T or µB.
For example, if ξ is T, then ξA < Tc, ξc = Tc and ξB > Tc.
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  Preliminary Results for TriCEP

Kiev group has calculated the critical indices for this case and 
found that the phase diagram must be as shown below
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Structure of singularities for CEPStructure of IP singularities

Singularities of the IP and corresponding graphical solution of Eq.
s∗ = F (s∗, T, µB).

sSHSQ SQ SH

!A

!C

SQ

B

< =

!

sSHSQ SQ SH

!A

!C

SQ

B

< =

!

sHSQ

!A

!B

SQ SH< <S

sHSQ

!A

!B

SQ SH< <S

sHSQ

!A

!B

SQ SH< <S

sHSQ

!A

!B

SQ SH< <S

Case of triCEP PRC 76 (2007) Case of CEP arXiv:0904.4420

Parameter ξ can be either T or µB.
For example, if ξ is T, then ξA < Tc, ξc = Tc and ξB > Tc.

 Thus,   for the CEP case the rightmost singularity below and above 
PT line is a SIMPLE POLE!
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Sufficient conditions for CEP existenceCritical exponent β

Definition: ∆ρ = (ρ+ − ρ−)T=Tc ∼ tβ, here t = 1− TΣ(µB)
Tcep

Density of pure phases: ρ± = ∂p±
∂µB

, where p± = T F (p±
T , T, µB).

ρ± = T±
∂FH
∂µ + ∂u

∂µIτ(∆±,Σ±) +
∂sQ
∂µ uIτ−1(∆±,Σ±)− ∂Σ±

∂µ uIτ−κ(∆±,Σ±)

1 + uIτ−1(∆±,Σ±)− ∂FH
∂s

,

where ∆± = s±−sQ(T±, µB) and Iτ−ω(∆±, Σ±) =
∞∫

V0

dv

vτ−ω
e−∆±v−Σvκ

Using ∆±|T=Tc = 0 and Σ±|T=Tc = 0 ⇒

∆ρ =




(

∂Σ−

∂µ
−

∂Σ+

∂µ

)
uIτ−κ(0,0)

1 + uIτ−1(0,0)− ∂FH
∂s





T=Tc

Condition for 1st order deconfinement PT existence:
finiteness of integrals Iτ−κ(0,0) and Iτ−1(0,0) and then τ > 2.

9

s = sQ(T, µB) due to Gibbs criterion;

and Σ = 0 ⇒ power law for bag volume v > 1 fm3

⇒ power law for most probable bag mass > 2.5 GeV?

• Huge deficit in the number of resonances compared to Hagedorn spectrum ∼ e
m

TH

• Is consistent with asymptotically linear Regge trajectories of hadrons in a vacuum

•Allows one to describe LQCD data and extract the resonance width in a medium

T ± ≡ TΣ(µB) ± 0Let’s denote and same for p and ρ

does not vanish!
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Sufficient conditions for CEP existenceCritical exponent β

Definition: ∆ρ = (ρ+ − ρ−)T=Tc ∼ tβ, here t = 1− TΣ(µB)
Tcep

Density of pure phases: ρ± = ∂p±
∂µB

, where p± = T F (p±
T , T, µB).

ρ± = T±
∂FH
∂µ + ∂u

∂µIτ(∆±,Σ±) +
∂sQ
∂µ uIτ−1(∆±,Σ±)− ∂Σ±

∂µ uIτ−κ(∆±,Σ±)

1 + uIτ−1(∆±,Σ±)− ∂FH
∂s

,

where ∆± = s±−sQ(T±, µB) and Iτ−ω(∆±, Σ±) =
∞∫

V0

dv

vτ−ω
e−∆±v−Σvκ

Using ∆±|T=Tc = 0 and Σ±|T=Tc = 0 ⇒

∆ρ =




(

∂Σ−

∂µ
−

∂Σ+

∂µ

)
uIτ−κ(0,0)

1 + uIτ−1(0,0)− ∂FH
∂s





T=Tc

Condition for 1st order deconfinement PT existence:
finiteness of integrals Iτ−κ(0,0) and Iτ−1(0,0) and then τ > 2.

9

s = sQ(T, µB) due to Gibbs criterion;

and Σ = 0 ⇒ power law for bag volume v > 1 fm3

⇒ power law for most probable bag mass > 2.5 GeV?

• Huge deficit in the number of resonances compared to Hagedorn spectrum ∼ e
m

TH

• Is consistent with asymptotically linear Regge trajectories of hadrons in a vacuum

•Allows one to describe LQCD data and extract the resonance width in a medium

T ± ≡ TΣ(µB) ± 0Let’s denote and same for p and ρ

 Thus,   for the CEP case the 1-st order deconfinement PT is a 
SURFACE TENSION induced PT!

does not vanish!

38



Conclusions
The relation between the string tension and the surface 

tension of QGP bags is found! It allows us to determine the 
surface tension of QGP bags directly from Lattice QCD.

The surface tension of QGP bags at T = 0 is large and at the 
cross-over T ~ 170 MeV the surface tension is negative!

At the cross-over T ~ 170 MeV there exist fractals =>
fractal  surfaces!

On an example of exactly solvable models it is shown that   
the surface tension of QGP bags plays an important role

in generation of the (tri)critical endpoint!
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Thanks for your attention!
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