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QCD phase diagram (short history)

® early ConJeCture: Cabibbo & Parisi, PLB (1975))

P
I hadronic phase (confined)

I
Il quark-gluon plasma

I (deconfined)

v substantially more complex . . .”

T “The true phase diagram may actually be J

° Collins & Perry, PRL (1975) J

“Also we might expect superfluidity or superconductivity.”
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Outline

@ overview: phase diagrams

@ pairing patterns

© gap equations

Q realistic quark masses, neutral matter
©@ inhomogeneous phases

Q..
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Cooper instabilities

occupation #
@ ideal Fermi gas:
=>» pair creation @ Fermi surface
with no free energy

@ (arbitrarily small) attraction:

free energy

=» instability:

condensation of Cooper pairs
=» reorganisation of the Fermi surface A \/
=* gaps 0 P

@ QCD: attractive gq interaction =» diquark condensates
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Field operators

q1(x)
@ quark field operator: g(x) = :

qan;n, (%)

@ 4 Dirac x Ny flavor x N, color components

e annihilates a quark or creates an antiquark
e transposed operator: ¢" = (q1,. .., qn;n,)

@ adjoint operator: ¢f, g =4

e annihilates an antiquark or creates a quark
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Quark-antiquark condensates

@ quark-antiquark condensates: (7O q)

e O = operator in color, flavor, and Dirac space
(including derivatives)

@ examples:
e “chiral condensate™: (99)
o quark number density:  (37°¢) = (g'q)
@ electric charge density:

@0°q) = ny—tng—1Ltn, 0= (

oS o wi
ol o
wl—
oo
Wl
SN~—
-

e color charge densities
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Diquark condensates

e diquark condensates: (47 Oq) = (g.5.]¢" Oqlg.s.)

@ gq annihilates two quarks
=» baryon number (formally) not conserved!
(ground state does not have fixed baryon number.)

@ Bogoliubov rotation:

ob e
lgs) = 1 [cosef(ﬁwsw &P sin 02 (5) b1 (5, 5,1, ¢) b*pﬁ,s,d,c/)}

Pos,e,c!

cod
[cos Gil(ﬁ) + &30t s @) sin 9;1([;') af (7, s, u,c) dT(—[;', s, d, c/)} |0)

e quasiparticles = superpositions of particles and holes (+
antiparticles) which annihilate |g.s.)
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Diquark condensates

e diquark condensates:  (¢” O ¢)

@ Pauli principle: qiqj = —4;qi

= q'0q = 4:05q; = —q;O05qi = *%'@;Qi = —q"0"¢q

~

- O must be totally antisymmetric: O = —O J
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Operators in flavor and color space

@ Pauli matrices (for two flavors):

]I_IO (o0 1 (1 0 (o —i
=lo 1)1 =11 o) B=\ o )0 2= o

symmetric triplet antisymm. singlet

@ Gell-Mann matrices (for three flavors or colors):

]lv >\1) )‘35 )‘47 >\6) )‘8’ )‘27 >\57 )\7
Symmetnc sextet an’[lsymmetrlc antltrlplet

A7 ¥
@ antitriplet: The vector (¢” ( -5 ) q) transforms like an antiquark g = (g ) under SU(3)..
A2 b
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Operators in Dirac space

@ hermitean basis of 4 x 4 matrices: 1, ivs, v#, Y*vs, ot

@ charge conjugation matrix: C = i?+°

e properties: C=C*=—-C' = -Cf=-C!

@ antisymmetric: @ symmetric:
@ C~s (scalar) e C~M (axial vector)
e C (pseudoscalar) e CoM (tensor)

@ Cy*~s (vector)
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Combined operators

symmetric antisymmetric
Dirac Cy*, Cotv C, Cvs, Cysy*
A T P S \"
U(Z) ]la 71,73 ™
SN—— ~~

3 1
U(3) ]la)\la)\37)\47)\6a)‘8 )\27)‘57)\7

6 3

@ combination:
totally antisymmetric = {

=» many possibilities . ..

Dirac ® flavor & color

(antisymmetric)?

(symmetric)® x antisymmetric
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Two-flavor color superconductors

o important example: (¢ Cys 74 A ) |

@ spin 0, antisymmetric in color and flavor

e 2flavors: qz(Z), TA:TZZ(? :)i)

r 0 —i 0
e 3colors: g= <], M ZEX=|i o o
b 0 0 0

@' Crsmdag) ~ (11 —11) @ (ud—du) ® (rg—gr)
— ~— ~—

spin flavor color
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Symmetry properties: color

@ only red and green quarks are paired:

(@" Xaq) ~ (rg—gr) = (b) | “antiblue”

=» SU(3). “spontaneously” broken to SU(2),

=» 5 of 8 gluons receive a mass (“Meissner effect”)

@ more general ansatz?

(g7 (a2 + BAs + 7M7) @) = alb) — Blg) + () = (>

@

e can always be rotated into the “antiblue” direction
by a global color transformation ¢ — exp(if, - %) q

=» equivalent to the “simple” ansatz
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Symmetry properties: global symmetries

5 = (¢ Cysmahg)
@ baryon number:
B: q — &% = § — &Y% broken
but: There is a conserved “modified baryon number”:

B q — eia(l_‘/g)‘g)q = 0 =9

@ chiral symmetry:

o SUQ)y: q — €%Fgq = § =94
0 SUR)s: q — €%3rg = § = § conserved
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Three-flavor color superconductors

@ scalar color-antitriplet condensates:
° sarr = (¢" Cysadarq)
e notation:

@ 74, = antisymmetric flavor generator
@ )\, = antisymmetric color generator

@ two flavors, three colors:
eTa=m, A €{2,57 = 5= (sn,s55,57)
e can always be rotated into “antiblue” direction:
§—§ =5U = (55,0,0), UeSUQ3),
@ three flavors, three colors:

s S5 sy
e A A € {2,5,7} = 5 = (SAA’) = 552 855 S5

52875 ST
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Three-flavor color superconductors

@ three flavors, three colors:

522
] A, A/€{2,5,7} = § = (SAA’) = <s52

522

e SU(3). rotation: — s = sU = <o
e In general, that's allwe cando ...

@ three degenerate flavors: M, = M; = M;

= SU(3)-symmetric
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0
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N——
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Three-flavor color superconductors

@ three flavors, three colors:

N——

522 525 527
] A, A/ S {2,5,7} = § = (SAA’) = Ssp 855 Ss7

572 575 $77

522 525 527

e SU(3). rotation: — s = sU = <o 55 s

0 0 577

N——

e In general, that's allwe cando ...

@ three degenerate flavors: M, = M; = M;
= SU(3)-symmetric
=» diagonalization by combined color and flavor rotations:
522 0 0

s— § =VsU = <0 855 0), UESU(3)C, VGSU(S)f

0 0 577
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Pairing patterns

@ eight possible phases:

CFL phase
522, 855, 577 7 0 l

@ CFL pairing pattern (more explicitly):

(=11 ® ( A (ud—du) ® (rg—gr) \
+ As(ds—sd) ® (gb—1>bg) A@%

+A7(s”_”s)®(br—rb)) 4@'A‘
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Color-flavor locking

@ symmetries:
e color: SU(3). completely broken =» 8 massive gluons
e chiral: SU(3)4 ? =» 8 Goldstone bosons
SU@3)y ’
but: symm. under “locked” color-flavor rotations g — e(7a=X)g
e baryon #: broken =» 1 scalar Goldstone boson
@ electromagnetism:
e invariant under (local) ¢ — exp(iaQ)q
0 = 0%~y = diag(3,—5,—3) —diag.(5, -3, %)
e ‘“rotated photon” = cos ¢ photon + sin ¢ gluon
=» no electromagnetic Meissner effect!

e all quarks carry integer Q charge
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Theoretical approach

— D. Rischke, Prog. Part. Nucl. Phys. (2004))

@ weak-coupling QCD

o u>Apep = a4(p) <1 =» systematic expansion
o “optimistic” estimate: > 1.5GeV = p > 175p
=» not applicable to compact stars!  (p < 10p0)

— D. Nickel et al., Phys. Rev. D (2006) )

@ Dyson-Schwinger QCD
e promising, but not yet ready to calculate phase diagrams
e some highlights later . ..

@ NJL-type models
e schematic quark models with point interactions (like BCS!)
e not predictive
o suited for explorative studies with competing condensates
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gap egs.

Two-flavor model

@ Lagrangian with interaction in the desired channel:

L =g@—mg+ H Y (qivs12AaCq")(q" Cinsmadaq)

e

@ Nambu-Gor’kov formalism: artificially double # d.o.f.

_ 1 q T 1 (=

- [0 i A - 0 0
> Lo =4H S W[ TP og| v
A=2.5,7 0 0 ism a0

=» vertices:
0 s\ 0 0
N = 4HIT\eT, = 4mi [ P e |
/6\ 0 0 ivsmA 0
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Nambu-Gorkov propagator

@ kinetic term + chemical potential:

T

Liin+1q'q = q(id + p17°)q

(@ + %) — ¢7C(iD + 1) Cq" ]

N =
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Nambu-Gorkov propagator

@ kinetic term + chemical potential:
Lin+11q'q = qi + 17")q

(@ + %) — ¢7C(iD + 1) Cq" ]

D+ py° 0
i)+ py B v
0 —i —py°

(x) S5 () ¥ (x)

Il
=1l N —

I
=]
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Nambu-Gorkov propagator

@ kinetic term + chemical potential:

Liin+1q'q = qlid+ p1°)q

(@ + %) — ¢7C(iD + 1) Cq" ]

D+ py° 0
i)+ py B v
0 —i —py°

= U(x) Sy (x) ¥(x)

N =

I
=1

=» inverse bare propagator in momentum space:

o' (p) = (ﬂ +0WO ’ o>

Py
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Mean-field propagator

@ dressed propagator (Hartree approximation)

e —

iSo(p) (=i%) iS(p)

+

iSp) = iSlp) +

& 57p) = 85'(p) — %
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Mean-field propagator

@ dressed propagator (Hartree approximation):

e —

iSo(p) (~i%) iS(p)

+

iSp) = iSlp) +

& 57p) = S'p) - ©

@ self-energy:

Q. 4l 2 {0 TR J ks (< yTe(r is (o)

—ix = ¢ =
A
4 .
+ Th Sk (- hmrk s |




gap egs.

Mean-field propagator

@ dressed propagator (Hartree approximation):

e —

iSo(p) (~i%) iS(p)

+

iSp) = iSlp) +

& 57p) = S'p) - ©

@ self-energy:

iy = Q: 4iH§{ Th [ ke (~5Trg is(o)]
+ Th Sk (- hmrk s |

=» selfconsistency problem!
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@ ansatz:

5 0 —Aysm - P+’ Agsmh
A* ",’57’2/\2 0 —A* "/57’2)\2 ]é — ,U’YO
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invert S~! = calculate ©[S] =» compare with ansatz
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Gap equation

@ selfconsistency problem: s§—! = Sgl — X[S]

@ ansatz:

5 0 —A7sm A - P+’ A“/st)z)z
A* 5o 0 —A* sy P —

@ strategy:

invert S~! = calculate ©[S] =» compare with ansatz

@ result:

4
A—16HAi/ k1 ! ”

“gap equation
(2w)4(k3—w2_+kg_wi) gap eq

quasiparticle dispersion laws: w+ = \/(\§| Fu)?+ AP
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—1
P+’ A’Yst)Q)

@ dressed propagator: S =
propag (—A*%Tz)\z P

e dimension: 2 x4 x Ny x N,
=> 48 x 48 matrix for Ny =2, N. =3

e inversion straight forward, but some work required . ..



gap egs.

Propagator

—1
P+’ A’W’Mz)

@ dressed propagator: S =
propag (—A*%Tz)\z P

e dimension: 2 x4 x Ny x N,
=> 48 x 48 matrix for Ny =2, N. =3

e inversion straight forward, but some work required . ..

@ diagonalization:
1
P'=M(P)
S(".5) = U(p) Ut(p)”
1
PO = (P)

e U(p) = unitary matrix, does not depend on p° !



gap egs.

Dispersion relations

free energy

@ 48 eigenvalues \/

= 24 quasiparticle dispersion relations:

oD

Pr

@ w_(p)= \/(|ﬁ| — p)?+ |A]>  (8-fold) red and green quarks
o wi(@) =1/(l+n?+ AP (8-fold) " antiquarks
o e (F)=|Ipl—u| (4-fold) | blue quarks

o e (F)=|Ipl+u| (4-fold) ”  antiquarks

v

@ + 24 quasiholes: —w=(p), —ex(P)
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Dispersion relations (CFL)

@ 72 eigenvalues

= 36 quasiparticle dispersion relations:

ws,—(3) = /(P — w2+ |2 (16-fold)

Qo

o ws (@) =\/(Fl + 2+ |AF  (16-fold)
o wi—(p) = /(] - P+ AP (2fold)
o wi+(p) = \/(Fl+u? +24F (2-fold)

e + 36 quasiholes: —wg+(p), —wi ()

quark octet x spin

antiquark
quark singlet x spin

antiquark
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@ w,=(2n+ )T fermionic Matsubara frequencies
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gl )

w%—i—wi

@ gap equation: A = 16HA] d3" TZ(

witw?

@ w,=(2n+ )T fermionic Matsubara frequencies

@ turning out the sum, 7 — 0:

A=A szdk{w%(kﬁrﬁ”
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gl )
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@ gap equation: A = 16HA] d3" TZ(

witw?

@ w,=(2n+ )T fermionic Matsubara frequencies

@ turning out the sum, 7 — 0:

A=A szdk{w%(kﬁrﬁ”

@ solutions:
e frivial solution: A =0
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@ gap equation: A = 16HA] d3" TZ(

1
e )
@ w,=(2n+ )T fermionic Matsubara frequencies

@ turning out the sum, 7 — 0:

A=A szdk{w%(kﬁrﬁ”

@ solutions:

e frivial solution: A =0
. 1 ! 22
o other solutions? [k dk{ Hy + i} =
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Gap equation: solutions

gl )

w%—i—wi

@ gap equation: A = 16HA f d3" TZ(

witw?

@ w,=(2n+ )T fermionic Matsubara frequencies

@ turning out the sum, 7 — 0:

A=A szdk{w%(kﬁrﬁ”

@ solutions:
@ ftrivial solution: A =0

. 1 ! 22

o other solutions? [k dk{ Hy + i} =

A—0 =

1 1 1
-0 T Jhppriapr | Tl = [
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Gap equation: solutions

® gap equation: A =16HA [ &k d3" TZ( )
W

w? +w

@ w,=(2n+ )T fermionic Matsubara frequencies

@ turning out the sum, 7 — 0:

A=A szdk{w%(kﬁrﬁ”

@ solutions:

e frivial solution: A =0
. 12
o other solutions? [k dk{ Hy + i} =

T 1 1
A—0 = w*(k)_\/(kfp.)2+‘A|2—> r=m = f —

=» nontrivial solutions always exist for H > 0 !
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@ back to our Lagrangian:
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A=25.7

@ bosonization:
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@ mean-field approximation: ¢4 — (pa) = Adan
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Mean-field Lagrangian

@ back to our Lagrangian:

L= qig+m)qg +HY (¢"CrsmIaq) (" CrsmIaq)
A=25.7

@ bosonization:
Ling = 5 Z { (q"CysmM @)l pa+ he. — 55 @L <PA}
with dlquark fields x4 = —2H (q"CysmM q)

@ mean-field approximation: ¢4 — (pa) = Adan

@ result, using Nambu-Gorkov spinors:

_ i+ A5
Lyr = U P+ vy Js 2A2 U %
—A*ysmdy =i — p°
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o bilinear “kinetic” term — field-independent “potential”



gap egs.

Thermodynamic potential

@ (grand canonical) thermodynamic potential:
QT,p) = —LInZ = —LInTrexp (—+ [ d®x(H — pq'q))

@ mean-field Lagrangian:
Lyp = Us~hw — BF — 7y
o bilinear “kinetic” term — field-independent “potential”

@ general result:

QT,p) = —TZf Lk 1Trln( Ng l(iwn,;)) + VJ

elmA=I((1-(1-4))= Z La—a)y

n=1

o useful formula: TrInA = InDetA



gap egs.

Thermodynamic potential

@ result after Matsubara summation:

d’*p w_ —w
QT,p) = _/(277)3 { 8 (74- T In(1 + e “=/T)
+25 4+ Tin(l +e7+/7))
+4 ( % + T In(1+e/T)
&+ =/
+5 4+ Tn(l+e ))}
 Ia2
4H
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@ thermodynamic potential:
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gap egs.

Minima

@ thermodynamic potential:

-,

3 . AR
QUTop) = —T [ E5 4T ($57 (. B) + 155
n
@ stable solutions = minima
3 1 |
> A = _T%:f(%zérﬁ (S?A*) + 2 =0
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Minima

@ thermodynamic potential:

& —1:
T, 1) = _Tzn;f(%’§3 I TrIn (%S i, K)
@ stable solutions = minima
3 —1 |
bR = T T (SE) + =
@ inverse propagator:
0 A A
S_](p) _ ¢ + wy Y5T2 02
—A* sy p—
—1 0
- 8- (
—Y5T2 A2

) 4
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Minima

@ thermodynamic potential:

3 . o AR
AT, p) = TS [l 4T (557w B) + 15
@ stable solutions = minima
o |
> - TS T (S5) + Lo

@ inverse propagator:

S_](P) — ¢+/j"yo AIYSTZ)\Z
—A* sy p—

_ 0 0
—YsT2A2 0

2> A = 4H TZ[ dak ITr[isT]  gap equation!
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Condensation energy

@ free energy gain: 60 = Q(A) — Q(0)

@ simplifications: neglect antiparticles, T =0
> A) = ~2 [p2dp /o w? + AP + 1aF
@ gap equation:

[219)

1 2 A A
oar = w [P e o = 0
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Condensation energy

@ free energy gain: 60 = Q(A) — Q(0)
@ simplifications: neglect antiparticles, T =0
2> Q) = ~Z [pPdp Jp—p T1AP + 5F

@ gap equation:
o192

1 2 A A
W—*?fpdpierm—

_ 2.2 p—w’+31AaP
200 = -5 [pPdp <(pu)2+m|2 lp —

0
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Condensation energy

@ free energy gain: 60 = Q(A) — Q(0)

@ simplifications: neglect antiparticles, T =0

> Q) = —Z [Pdp - 1P+ IAR + G
@ gap equation:
N 1 2 A A
oar = w [P e o = 0
2 1 2
-> 59 _ 2 Zd @7#) +E|A| _ _
= [ pdp <(pu)2+m|2 P = ul

@ integrand strongly peaked at [5] = u = [p?dp ~ p* [dp



gap egs.

Condensation energy

@ free energy gain: 60 = Q(A) — Q(0)
@ simplifications: neglect antiparticles, T =0
2> Q) = ~Z [pPdp Jp—p T1AP + 5F

@ gap equation:
1519}

= L (p2gp —B A
OA* T 2 fP dp (p—p)2+| A2 + 4H — 0
_ 2+lA2

@ integrand strongly peaked at [5] = u = [p?dp ~ p* [dp
@ Taylor expansion of the remaining integral in A

> 60 oc p2A?



gap egs.

Thermodynamic quantities

@ standard thermodynamic relations:

@ pressure: p=-—-0
o density: n=-%1
Ao _ 09
e entropy density: s = —%5¢
e energy density: e=—p+Ts+ un
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free energy
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@ realistic quark masses: M, M; < M; < c©
=» unequal Fermi momenta, p% = \/u*> — M?
@ recall argument about Cooper instability:

@ pairing close to the Fermi surface
(no free energy cost for pair creation)

@ Cooper pairs in BCS theory:
@ opposite momenta

@ unequal Fermi momenta:  p%” = pr + dpr

e BCS pairing favored if Ebinding > Epuir creation

free energy
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Realistic masses

@ realistic quark masses: M, M; < M; < c©
=» unequal Fermi momenta, p% = \/u*> — M?
@ recall argument about Cooper instability:

@ pairing close to the Fermi surface
(no free energy cost for pair creation)

@ Cooper pairs in BCS theory:
@ opposite momenta
@ unequal Fermi momenta:  p%” = pr + dpr
e BCS pairing favored if  Epindging > Epair creation

e approximately: % > Opr

free energy
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e realistic quark masses: M; > M, ~ M,




realistic masses

Which phase is favored?

@ precondition for standard BCS pairing:
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o Fermi momenta: pr = +/u2 — M?
e realistic quark masses: M; > M, ~ M,

@ case 1: high densities
pw>M; = ph~plaph = CFLJ




realistic masses

Which phase is favored?

@ precondition for standard BCS pairing:
’P?r _p?«" 5 \/EAab J

o Fermi momenta: pr = +/u2 — M?
e realistic quark masses: M; > M, ~ M,

@ case 1: high densities
pw>M; = ph~plaph = CFLJ

@ case 2: moderate densities
M2 > Mya ¥ pp <pi~pi = 2SC|
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Which phase is favored?
K. Rajagopal (1999)

T

@ precondition for standard BCS pairing:
’P?r _p?«" 5 \/EAab J

e Fermi momenta: pr=+/p?— M? :
e realistic quark masses: M; > M, ~ M,

@ case 1: high densities (©

p>M, > ppephapi » CFL|  (@AS)

@ case 2: moderate densities ®©

@ O
M2 pu>Mg = ph<ph~plh =» 2SCJ -
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e quarks (u,d,s) + leptons
o after a few minutes:  neutrinos untrapped
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e color singletness = color neutrality: n, =n, = n,
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Compact star matter

@ quark star or quark core of a neutron star:
e quarks (u,d,s) + leptons
o after a few minutes:  neutrinos untrapped

@ additional constraints:
e Jequilibrium: d,s—u+te +0, =¥ pg= s = fy + e
e electric neutrality:  ng = 3n, — inq — in, —n, =0

e color singletness = color neutrality: n, =n, = n,

@ four conserved charges; densities: n,, ng, np, ng
& n=n.+ng+n, n3=n.—n, nyg= %(n,—i—ng—an), ng

=» four independent chemical potentials: i, ps, ps, po
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e homogeneous color superconducting ground state
automatically color neutralized by gluon background (A%)
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realistic masses

Color neutrality

@ QCD (after gauge-fixing):
e homogeneous color superconducting ground state
automatically color neutralized by gluon background (A%)

@ NJL model:
@ no gluons =» introduce “color chemical potentials” by hand:

L=+ p )’ —ig+... = pe=glAd)
e color neutrality:
0N
na:<qT)\aq>:_aﬂa:0, azl,...,S

includes non-diagonal A, !
e standard phases: only us,us # 0 are needed '
but one should always check ...
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Neutral quark matter

@ constraints in compact stars:
e color neutrality: ny=ng =0

e electric neutrality:  ng = 3n, — 1ny —

5 lng—n,=0

3

e (3 equilibrium: fe = g — [y =¥ N K Ny g
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3= 3Md = 3

e (3 equilibrium:

@ consequence: all flavors have different Fermi momenta

@ u>M; = ng=n,~n;, =% CFL

w e e



realistic masses

Neutral quark matter

@ constraints in compact stars:

e color neutrality: (minor effect)

;nS%O

o electric neutrality:
2 1
3Mu — 3Md —
e (3 equilibrium:

@ consequence: all flavors have different Fermi momenta
@ u>M; = ng=n,~n;, =% CFL

@ u<S My = ng=2n,

no 2SC in compact stars ?

M. Alford, K. Rajagopal, JHEP (2002))




realistic masses

Neutral quark matter

@ constraints in compact stars:

e color neutrality: (minor effect)

o electric neutrality: 5 . |
§nu — §nd — §ns ~ 0

e (3 equilibrium:

@ consequence: all flavors have different Fermi momenta

@ u>M; = ng=n,~n;, =% CFL

@ u<S My = ng=2n,

no 2SC in compact stars ?

M. Alford, K. Rajagopal, JHEP (2002))

@ strong coupling: 2SC possible !



realistic masses

3-flavor NJL model

@ Lagrangian: L = Lo+ Lgq+ Ly
o free part: Ly = g(id —m)q, m = diags(my, mq, my)
e quark-quark interaction:
Log=H> (qivstadn Cq")(q" CirsTada q)

AA
e standard SU(3) quark-antiquark interaction:

Loy = GZ { q7aq)’ qleTaQ)z}
-K {detf(z](l + 'ys)q) + detf<l?(1 - 75)6])}
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3-flavor NJL model

@ Lagrangian: L = Lo+ Lgq+ Ly
o free part: Ly = g(id —m)q, m = diags(my, mq, my)
e quark-quark interaction:
Log=H> (qivstadn Cq")(q" CirsTada q)

AA
e standard SU(3) quark-antiquark interaction:

Loy = GZ { q7aq)’ qleTaQ)z}
-K {detf(z](l + 'ys)q) + detf<l?(1 - 75)6])}

@ mean-field approximation:

@ gg-condensates: (ud), (us), (ds) — diquark gaps
e gg-condensates: (iuu), (dd), (ss) < dynamical masses



realistic masses

Model calculations

@ NJL model without imposing neutrality

o @ quark phases at T=0:
(xSB — ) 25C — CFL
3 50
=
=
XSB 25C CFL
O L
300 400 500
1 [MeVv] )

M.B., M. Oertel, NPA (2002); M. Oertel, M.B., hep-ph/0202098.J

also: Gastineau, Nebauer, Aichelin, PRC(2002). J
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Model calculations

@ NJL model with neutrality constraints
(assuming homogeneous phases)

@ “strong diquark coupling” H =G

@ quark phases at T=0:
e “strong coupling”:
25C — CFL

0 . . . . . . . .
320 340 360 380 400 420 440 460 480 500
uMev]

v

Ruster, Werth, M.B., Shovkovy, Rischke, PRD (2005) )

also: Blaschke, Fredrikson, Grigorian, Oztas, Sandin, PRD (2005); Abuki & Kunihiro, NPA (2006). J
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Model calculations

@ NJL model with neutrality constraints
(assuming homogeneous phases)

@ “intermediate diquark coupling” H =0.75G

@ quark phases at T=0:
e “strong coupling”:
25C — CFL

e “intermediate coupling”:
normal — gCFL — CFL

e ‘ @ no 2SC!
320 340 360 380 400 420 440 460 480 500

uiMev] @ gapless phases

v

JgCFL

Ruster, Werth, M.B., Shovkovy, Rischke, PRD (2005) )

also: Blaschke, Fredrikson, Grigorian, Oztas, Sandin, PRD (2005); Abuki & Kunihiro, NPA (20086). J




realistic masses

Gapless color superconductors

free energy

@ unequal Fermi momenta:

PP = pr + dpr 5pr=0

oDl
!
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Gapless color superconductors

@ unequal Fermi momenta:
i’ = pr + opr
e splitting of the quasiparticle modes:
w_ — w_(pr) £ opr

oDl

free energy

0<dp<A
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Gapless color superconductors

_ free energy
@ unequal Fermi momenta:
a,b —
pF = DPr £ 0pr

Spg>A
e splitting of the quasiparticle modes:
w_ — w_(pr) & opr

@ opr > A =» gapless modes
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Gapless color superconductors

free energy

@ unequal Fermi momenta:
p‘}’bzﬁpi(ﬁ?f? Opp > A
e splitting of the quasiparticle modes:
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Gapless color superconductors

free energy
@ unequal Fermi momenta:
i’ = pr + opr

Spg>A

e splitting of the quasiparticle modes:
w_ — w_(pr) & opr

@ opr > A =» gapless modes

° gap/ess ZSC phase (QZSC) |. Shovkovy, M. Huang, PLB (2003).)

e unstable at fixed 1o

@ can be most favored neutral homogeneous solution

@ similar solutions for CFL, uSC, etc. A Kewars Raiagopal PAL (2004). )




realistic masses

Gapless color superconductors

_ free energy
@ unequal Fermi momenta:
a,b —
pF = DPr £ 0pr

Spg>A

e splitting of the quasiparticle modes:
w_ — w_(pr) & opr

@ dpr > A =¥ gapless modes

° gap/ess ZSC phase (QZSC) |. Shovkovy, M. Huang, PLB (2003).)

e unstable at fixed 1o

@ can be most favored neutral homogeneous solution

@ similar solutions for CFL, uSC, etc. A Kewars Raiagopal PAL (2004). )

@ problem: imaginary Meissner masses =¥ instability !
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Inhomogeneous phases

@ alternative to BCS pairing:
pairs with nonzero total momentum

no problem

7777,

Y

> pt#pp

i
oy

S~

—

@ FF (Fulde, Ferrell, 1964):

e single plane wave
(q(®)q(R)) ~ Ae¥@¥ for fixed §

e disfavored by phase space

@ LO (Larkin, Ovchinnikov, 1964):
o multiple plane waves (e.g., cos(2g - X))
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@ Model Lagrangian with NJL-type qq interaction:
L=q(i)+ ") g+ Lin

Liw=H Y (@ivsmad 4)(@civsmad @), qe=Cq"
AA'=257

@ bosonize:  paa(x) = —2H g.(x) ys7adar q(x)

1 B 1
= Liu= 2/%:/{ (@75Tarar qc) Panr + hc. — 3H %Tw @AA’}

@ mean-field approximation:
(Pan () = Ba(x) Sanr s (ol () = AF(x) danr

e A,(x) classical fields
e retain space-time dependence!
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Mean-field model

@ Lagrangian:
T 1
Lar(x) = W) ST W) = 2= D [Aa(x)[
A
o Nambu-Gor'kov bispinors: ¥ (x) = - (q(x) )

@ inverse dressed propagator:

Sy = i+ in° A(x)%) AG) = 5™ A 7404
5w (—A*um o ) B0 280



inhomogeneous phases

Mean-field model

@ Lagrangian:
Lur(x) = U S7 () W) — 72 D |Aa()P

A
o Nambu-Gor’kov bispinors:  ¥(x) = 1= ( q((x))>
gc(X
@ inverse dressed propagator:

Sy = i+ in° A(x)%) AG) = 5™ A 7404
5w (—A*um o ) B0 280

@ Thermodynamic potential:

1T S T
Qe (T, p) = _EVTﬂn T VZ
A

0. 7l®Vv

e TrinS~! nontrivial because of x-dependent gap functions!
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Crystalline ansatz

@ gap functions: time-independent, periodic in space

Ax)=A® =AFE+a), i=1,23
@ Fourier decomposition:

A A . 0 -
A()C) = ZACH e, 9k = <_, > ) % €7
qk

gk
@ inverse propagator:

(#n + /170) Op.a DAV .
-1 _ i

DPm:Pn A A0
-2 Aqk Odipn—pn V5 (Bn — 1) Opu,pn
Gk
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Crystalline ansatz

@ gap functions: time-independent, periodic in space

Ax)=A® =AFE+a), i=1,23
@ Fourier decomposition:

~ N 1 0 Gid
AW =Y Ayeor,  g=( ), Llez
Gk k
@ inverse propagator:
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Ak

e condensates couple different momenta! ‘

Pm Pn
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@ inverse propagator:
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inhomogeneous phases

Crystalline ansatz

@ gap functions: time-independent, periodic in space

Ax)=A® =A@FE+a), i=1,23
@ Fourier decomposition:
. . , 0 o
AW =Y A e, g={ |, Licz
qk qk
@ inverse propagator:
B+ 17°) Opu.pn DAV .
-1 _ G
prpr - Azk Sqipn—pn¥s  Pn — ﬂ’YO) .
Gk
Ak
e condensates couple different momenta! |
e diagonal in energy =» Matsubara sum as usual @

Pm Pn
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Hamiltonian

@ The inverse propagator can be put into the form

—1 0/ Lo
Spm,pn - ’y (lwpn - Hpm:pn) (5me sWpp

@ H = effective Hamilton operator

@ w, independent
e not diagonal in 3-momentum
e hermitean =» can be diagonalized (in principle)



inhomogeneous phases

Hamiltonian

@ The inverse propagator can be put into the form

—1 0/ Lo
Spm,pn - ’y (lwpn - Hpm:pn) (5me sWpp

@ H = effective Hamilton operator

@ w, independent
e not diagonal in 3-momentum
e hermitean =» can be diagonalized (in principle)

@ thermodynamic potential:
2
Qur = — 5 S [Ex+2T In (1 4207 BV/T)] 4+ Y05 22l
A A gk

e E,: eigenvalues of H



inhomogeneous phases

Thermodynamic potential

@ remaining problem: diagonalize H
(Vb = 1) 5, — 22075 05,
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H i = A X
S A0 0% (VB 1) 0,5,
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@ remaining problem: diagonalize H

(VP = 1) 0 — 22 Dg" 5 05—
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S A0 0% (VB 1) 0,5,
qk

e g, form a discrete “reciprocal lattice”
=» H is block diagonal in momentum space
(one block H(k) for each vector k in the Brioullin zone)



inhomogeneous phases

Thermodynamic potential

@ remaining problem: diagonalize H

(Y°Pn — i) G5, 5, - Z Bu"Y5 O fu—p
M = A .
S A0 0% (VB 1) 0,5,
qk

e g, form a discrete “reciprocal lattice”
=» H is block diagonal in momentum space
(one block H(k) for each vector k in the Brioullin zone)

=> We finally obtain:

Qr = =4 [ L > [Ex(®) + 27 1n (1 + 265 ®/7)] +3 T B0l

e Ex(k): eigenvalues of H(k).
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Simplified model

@ consider only 2SC-like pairing
=» strange quarks and blue quarks decouple

@ chemical potentials:  u, =g +dépu, pa=p—op

@ high-density approximations to simplify Dirac structure

@ remaining diagonalization problem:

(pm - p/ - 6/’[’) 6ﬁm Pn Apm —Pn )

(HAaéﬂ)ﬁrtt1ﬁn = < * 7
Ap,,—pm _(pm iy + 6:“) 6ﬁm,ﬁn



inhomogeneous phases

Regularization

@ unregularized expression for Qr divergent
=» needs to be regularized
@ 3-momentum cutoff ?

@ inhom. phases: 'H depends on two momenta!

o cut off both of them, e.g., |Bul,|P.] <A ?
=» strong regularization artifacts:
@ large |g| suppressed, e.g., |g] < 2A
@ violates “model independent” low-energy results

=» Pauli-Villars-like scheme:

-,

F(E)\) - éF(E)\J), E)\J(k) Ei(]_é) +jA?



inhomogeneous phases

Numerical investigation

@ crystal structure:

e general problem (too) difficult
=» consider one-dimensional modulations (in 3+1 D):

A(Z) _ ZA" eZiqu
k

o further restriction: A(z) =real < Ap=A*,
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Numerical investigation

@ crystal structure:

e general problem (too) difficult
=» consider one-dimensional modulations (in 3+1 D):

A(Z) _ ZA/‘ €2iqu
k

o further restriction: A(z) =real < Ap=A*,

@ external parameters: T, [, 0
e here: T=0, i =400MeV = onlyduis varied
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step 1: minimize 2 at fixed ¢

@ example: du = 0.7 Apcs

—— —— R R B R R p—
- N N\ - -
\ \ /
50 | A
‘,‘ — =017,
— F \ —— =020,
3 \ g= 050,
2 o \ — 0= 108y |
= \
I L \ i
-50— \ =
- \\ ‘\ // -
Il Il L T 7H—|—||—
0 1 2 3 4 5
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step 1: minimize 2 at fixed ¢

@ example: du = 0.7 Apcs

T ] T N T T T LI p——
C ) \ , 4
50 \y _qf\omm 9 g z 0.5 ABCS: sinusoidal
— k \ —— G=0.20y4]f |
3 \ 6= 05054
§ o \ — O=1.0Ag |
1

\ /

\\‘ s

! | ! b 1
2 4

5
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step 1: minimize 2 at fixed ¢

@ example: du = 0.7 Apcs

T T T T T T 1
>,
- N\ N\ /

\ ‘ ]

50 \ _q(\omm/Z 9 g z 0.5 Apcs: sinusoidal
- \ —— q=027y | |
% ,' = 9985 . H H
AR W @ ¢ < 0.5 Apcs: soliton lattice
1

I \ \/ v i @ shape of transition region
T ; \ /Y ] almost independent of ¢
1 |\‘ N — /u R T— ]
0 !l ; 3 4

5 o amplitude ~ Agcs




inhomogeneous phases

step 1: minimize 2 at fixed ¢

@ example: du = 0.7 Apcs

5 _3(\8‘5“5/[ @ ¢ > 0.5 Apcs: sinusoidal
I Vol ssd | @ ¢ <0.5 Apes: soliton lattice
S "\ \/ v T e shape of transition region

i Y 1 almost independent of ¢

P B o amplitude ~ Agcs

@ parametrization of the gap function:
A(z) = Asn(k(z — z0); )

(works extremely well)
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step 2: minimize Q w.r.t. ¢

@ preferred g:

1 T

0.8

0.6

Vges

0.4

0.2

! | 1 1 | 1 |
0@ 07 0/ 0 06 08

@ inhom. - BCS: ¢ — 0 =% 2nd order (FF - BCS: 1st order)!



inhomogeneous phases

step 2: minimize Q w.r.t. ¢

@ preferred g: @ amplitude:
e LUV SO0, SUUS SOUL SOV O S R L I S L R —
; [ -
80.6— — g 60— -~
g r b s r b
Z 4l - T a0k — b -
I 2 i <L e B ]
02f - o e 4
! | ! ! | ! | ! | ! | ! I
0@ 07 0/ 0 06 08 08 07 om_ 07 07 078
ép/ABCS BCS

@ inhom. - BCS: ¢ — 0 =% 2nd order (FF - BCS: 1st order)!

@ inhom. - normal: 1st order (FF - normal: A — 0 =» 2nd order)!



inhomogeneous phases

step 2: minimize Q w.r.t. ¢

@ preferred g: @ amplitude:
e LUV SO0, SUUS SOUL SOV O S R L I S L R —
; [ -
80.6— — g 60— -~
g r b s r b
Z 4l - T a0k — b -
I 2 i <L e B ]
02f - o e 4
! | ! ! | ! | ! | ! | ! I
0@ 07 0/ 0 06 08 08 07 om_ 07 07 078
ép/ABCS BCS

@ inhom. - BCS: ¢ — 0 =% 2nd order (FF - BCS: 1st order)!
@ inhom. - normal: 1st order (FF - normal: A — 0 =» 2nd order)!

o Ainhom. > AFF
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Gap functions

@ putting everything together:

amplitude:
SWAgcs = 0.695 ~ “\
100 ‘ ‘ : g o ]
50 | ] T =]
% [ L L L L L L L L L L
E o 1 it [ EWA?.Z: 076 078
S v
<50 [ 1 preferred ¢:
-100 . . . x L T ‘:
0 10 20 30 40 [
z[fm] 2081 —
<1 —T ]
o oar 1
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EWABCS
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Gap functions

@ putting everything together:

amplitude:
SWgcs = 0.69552 T ]
100 ‘ ‘ ‘ 7o 1
50 o =
e
s

-50 preferred g:
100 ‘ ) ‘ — T
0 10 20 30 40 T ]
z[fm] s R
21 ]
J Sl ]
0 0.7 072 _074 076 078
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Gap functions

@ putting everything together:

amplitude:
BWAgcs = 0.696 T ]
100 ‘ ‘ ‘ 7o 1
50 o =]
e
By

-50 preferred g:
100 ) ‘ ‘ — T
0 10 20 30 40 T ]
z[fm] s R
21 ]
J Sl ]
0 0.7 072 _074 076 078
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Gap functions

@ putting everything together:

amplitude:
3Whges =0.70 T ]
100 ‘ ‘ : 7o 1
50 o =]
e
s

-50 preferred g:
100 ‘ ‘ ‘ — T
0 10 20 30 40 T ]
z[fm] s R
21 ]
J Sl ]
0 0.7 072 _074 076 078
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Gap functions

@ putting everything together:

amplitude:
SWhges =071 T ]
100 ‘ ‘ ‘ 7o 1
50 o =]
e
s

-50 preferred g:
100 ‘ ‘ ‘ — T
0 10 20 30 40 T ]
z[fm] s R
21 ]
J Sl ]
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Gap functions

@ putting everything together:

amplitude:
SWhges = 0.72 T ]
100 ‘ ‘ ‘ 7o 1
50 o =]
e
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Gap functions

@ putting everything together:

amplitude:
SWhgcs = 0.74 T ]
100 ‘ ‘ ‘ 7o 1
50 o =]
e
s

-50 preferred g:
100 ‘ ‘ ‘ — T
0 10 20 30 40 T ]
z[fm] s R
21 ]
J Sl ]
0 0.7 072 _074 076 078




inhomogeneous phases

Gap functions

@ putting everything together:

amplitude:
SWhgcs = 0.76 T ]
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Gap functions

@ putting everything together:

amplitude:
SWhges =078 T ]
100 ‘ ‘ ‘ 7o 1
50 o =]
e
s

-50 preferred g:
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Gap functions

@ putting everything together:

amplitude:
SWhAges=0.79 I
100 ; ‘ ‘ T 4
50 | ] T =]
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E O 0 0.7 0.72 éulenz: 0.76 0.78
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General one-dimensional solutions

e free-energy gain:

1e+07,

\
| I
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General one-dimensional solutions

e free-energy gain:

1e+07, T T T T T /77T T T T T

@ LO window

~ 2 x FF window
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Quasiparticle spectra

-,

@ anisotropic dispersion relations: Ey (k) = Ex (k. , k.)

@ typical examples at fixed & :

T T
100~ —
2 T - 2
& %
-100— — -
-200— —
; . i
0 0.2 4 0. 0.8 1
k,/2q)
y
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Band structure

@ superposition of the eigenvalue spectra of all k;:

sinusoidal (g = 0.9 Apcs) soliton lattice (g = 0.2 Apcs)

8
N
8

g
8

g
g

[T B N R B
E(K) [MeV]
o
T T T T T T
L

E(k) [MeV]
o
T T T T T T

8
N
8

g
o
g

400 2
k; [Mev] k. [Mev]

@ “almost gapped” regions between low- and high-lying modes

@ low-lying modes related to solitons: ¢ —0 = E—0
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Dyson-Schwinger approach

@ QCD Dyson-Schwinger equation for the quark propagator:

1 1 % Nickel, Alkofer, Wambach, PRD (2006) J
—9— = - +

o vertex function from DSE studies in vacuum

e gluon propagator from DSE + particle-hole corrections
(Debye screening and Landau damping)
@ include quark pairing
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Dyson-Schwinger approach

@ QCD Dyson-Schwinger equation for the quark propagator:

1 1 % Nickel, Alkofer, Wambach, PRD (2006) J
—9— = - +

o vertex function from DSE studies in vacuum

e gluon propagator from DSE + particle-hole corrections
(Debye screening and Landau damping)
@ include quark pairing
@ features:
@ weak coupling limit for very large densities
@ contact to lattice results in vacuum
@ no free parameters
@ truncation
@ rather involved calculations . ..



DSE highlights:

pr)[MeV]

A(P4 =0,p3

012 3 456 7 8 910
1[GeV]

selected topics

pairing gaps

moderate densities:

3 times larger than extrapolated
weak coupling results

Nickel, Alkofer, Wambach, PRD (2006) )
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DSE highlights:  role of the strange quark mass

o NJL M.B., Oertel, NPA (2002)
OMSNG<§S> —>—:++»Q>—
=» large in the 2SC phase
=» stabilizes 2S5C
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400

200 £
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DSE highlights:  role of the strange quark mass

@ NJL: M.B., Oertel, NPA (2002) 600 —
oMSNG(§s> _._+.Q._ 400 |
=» large in the 2SC phase 200 | ~—
-» stabilizes 2SC 0 b Tm——
300 400 500
H[MeV]
') DSE Nickel, Alkofer, Wambach, PRD (2006) )

1= 14 9&9%@

@ gluons screened by light quarks

aitica(V=2GEV) [MeV]

=> M, small

ms

=» CFL favored much earlier
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CFL + Goldstone phases

@ CFL: chiral symmetry broken =» Goldstone bosons
e “r”, “K”, “n” (by quantum numbers), but mainly diquarks

e EFT prediction: very light, m ~ O(10 MeV)

(Son & Stephanov, PRD 2000)
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CFL + Goldstone phases

@ CFL: chiral symmetry broken =» Goldstone bosons
e “r”, “K”, “n” (by quantum numbers), but mainly diquarks

e EFT prediction: very light, m ~ O(10 MeV)

(Son & Stephanov, PRD 2000)

@ stress imposed by M; =» K" condensation

T. Schéfer, PRL (2000); Bedaque & Schéfer, NPA (2002).)

e heuristic argument: p} = \/pu? — M2 ~ p— 2

=» effective strangeness chemical potential: 1, ~ ’f—#

= K condensation if 1, > mo
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@ explicit construction in NJL: >:< - >< + >O:°<}

Kleinhaus, M.B., Nickel, Oertel, PRD (2007) )
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Goldstone bosons in the CFL phase

@ explicit construction in NJL: >:< - >< + >O:°<}

Kleinhaus, M.B., Nickel, Oertel, PRD (2007) )

@ meson masses

m; [MeV]
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Goldstone bosons in the CFL phase

@ explicit construction in NJL: >:< — >< + >O:°<}
Kleinhaus, M.B., Nickel, Oertel, PRD (2007) )

@ meson masses @ meson poles (m; — ;)
70 T T T T
“: 0
60 K, K 4
K*, K°
50 P 1
3 3 -~
= = 40 ~
E 5 e
E g 3o T R
& T e
20 ¢ j};;ﬂ"*
10 -A\\\
0 L L L L L . L L
mg[MeV] 40 60 80 100 120 140 160 180 200
) v mg [MeV]

4
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CFL+Goldstone phases

@ phase diagram:
include pseudoscalar diquark condensates

@ result (for H = 0.75G): H. Wartinga, hep-ph/0606063 |
60
0
%0 50
40 w0
s z
Y S
" - af B
20
10
10
NQ 0 - .
350 100 150 500 550
%20 a0 30 30 00 420 440 460 480 500 #/3 (V) J
uMev]
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