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Plan of Lecture 2

2. True BECs in low dimensional gas of “light” particles.

1. Critical phenomena for coupled atom-light system under the OC

4. Outlook
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3. Some applications of OC for cooling

 Two-level Laser;
 Superradiant phase  transition; 

1D  BEC with atomic polaritons in microtubes;
2D BEC of photons
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Thermalization of coupled atomic states

collisions

Optical collisions process

(buffer)
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Quasi-thermalization at positive detuning        

For                    we haved  0

Inversion!
2
0
2 1

γ δ
ΩΓ

<< <<

No inversion due 
to spontaneous 
emission
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Laser        

For                    we haved  0

Experiment  (Р.В. Марков, А.И. Пархоменко, А.И. Плеханов, А.М. Шалагин,  ЖЭТФ,     
136, 211 (2009))

Температура газа

T=580 K

2130МВт см

Давление 

P=4атм.
Буферный газ - гелий 

Интенсивность

5



Experiment results       

Коэффициент усиления на
резонансной частоте перехода
в зависимости от отстройки
частоты возбуждающего
излучения d

Коэф. усиления

Bk Tδ При 

45≈
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Thermalization at negative detuning        

For                    we haved  0

2
0
2 1

γ δ
ΩΓ

<< <<

No inversion
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Thermodynamic Approach For Atom-Field Interaction 

Total  number of atom-field excitations

where 

atN

m is chemical potential, 

Hamiltonian of collective atom-field interaction

( )† † †0
, , ,2

ω κω − −= + + +∑ ∑ 

 L z j j j
j jat

H f f S S f S f
N

( ), 0.5= −z jS b b a awhere                                                is operator of population imbalance,
is collective atom-field interaction parameter, is       a number of atoms.κ = atg N

†
,

1
2

= + ∑ex z j
j

N f f S

Thermodynamic approach implies calculation of partition function  

( , ) Tr ′− =  
BH k T

atZ N T e
,µ′ = − exH H N

cf.  K. Hepp, E. H. Lieb, Ann. Phys. (NY) 76, 360 (1973);  Y. K. Wang ,F. T. Hioe,
Phys. Rev. A 7, 831 (1973). 8



Calculations 

Расчет проводим в базисе когерентных состояний

Метод Лапласа
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Equation for Order Parameter 

BCS-type equation  

 
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L Lw w m ,at atw w m 
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Normal phase  solution is

Superradiant phase solution is 

0,l 

0.l 

2 † / atf f Nl  is normalized average photon number (order parameter),



where 

  UP Cf Xp
  LP Xp Cf

p is an operator of atomic collective polarization,

Definition of  polariton  annihilation operators
- upper  branch   polaritons
- lower branch  polaritons

,C X
are Hopfield coefficients;

Polaritons

2
2 2

1 1
2

C d
d k

        

2
2 2

1 1
2

X d
d k

        
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Bosonic commutation relations

   , 1UP UP    , 1LP LP

Lets suppose that    , 1f f   , 1p p 1bb aas s 

Atomic system without inversion        



| | Bk Td 

“low temperature” limit

1. For negative detuning under the “low temperature” limit the LB
polaritons are photon-like, i.e.

2. No inversion in the atomic system!
 LP f

d

Polaritonic Model of Atom-Field Interaction
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Polariton Energy versus atom-light detuning

negative atom-field detuning           0d  1bb aas s 

Polariton model valid if 



Atom-field Excitations; Mean-Field  Theory 
Definition 1.   Total atom-field excitation  density taken from OC

model

(1) 21
2 ex bbN lr s   

where 2 † / atf f Nl  is normalized average photon number (order parameter),
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(2) † †
1 1 2 2 / atNr     

Definition 2.   Total atom-field excitation  density

It is important that
(1) (2)r r r 



Excitation density at equilibrium

2 ( )1 1
2

eq
zSr l     

L Lw w m ,at atw w m 

 

 

1/22 2 2

( )
1/22 2 2

tanh 4
2

4

at at
Beq

z

at

k T
S

w w k l

w k l

       




 



where 

is equilibrium atomic population 
imbalance,
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Superradiant Solutions,    
Solutions for chemical potential 

corresponds to upper branch  polaritons

corresponds to lower branch  polaritons

Population imbalance  is 

0l 

We should consider limit of photon-like polaritons Lm w

( ) tanh 2δ δ
δ

−    

eq
z BS k T

atom statesdressed states

Full thermodynamic equilibrium

Quasi-equilibrium state

atom statesdressed states

/
1

1 bbb k Te δσ −=
+ 
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2m

UB polaritons

LB polaritons
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is order parameter at zero
temperature limit

Photon-like Phase Transition for LB  Polaritons

/ Bk Ta d 

1/2/ 1( ) 1 Ca al a l r 

  

Order parameter behavior can be approximated as

( )l l a 
| |d  

is normalized atom-field
detuning

The critical value of vital parameter

 ln 1 /Ca r r   

| |Bk T d 
The “low  temperature” domain 

corresponds to superfluid
photon-like LB polaritons

Experimentally it is easier to manipulate by 
atom-field detuning instead of temperature
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For  current experiments with rubidium atoms under OC’s we can have

For polariton thermalization we should have (I.Yu. Chestnov, A. P.Alodjants,  S.M. 
Arakelian,  Phys. Rev. A, 83, 053802 (2011))

τ τ<< ≤therm pol spontT

Prerequisites for Polariton BEC Observation 
Temporal window  for polariton BEC observation 

3 27τ< ≤polns ns

τ polwhere            is  a polariton lifetime.

We should have: 
(i) photon confinement to create finite photon mass;
(ii) cavity to increase time of atom-field interaction.

Conditions for polariton BEC observation 
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Photon energy is

2 2 2/2z ppph hh km cE m 

where

,= /ph mpm k c is photonic mass
Cutoff  energy

kinetic energy

are integer quantum numbers,m p2
cutoff phm cw 

Photonic field inside metallic tube
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Orthogonal wave vector component 
is quantized

Longitudinal wave vector forms a continuum 

,mpk

zk

2
2 2

2
z

ph z
ckE c k k ck
k⊥ ⊥
⊥

= + +


  

r
r r r r j

              

2 2
2

2 2 2

1 E E 1 E E 0k
z

Helmholtz  equation 

defines allowed modes
rE ( )mJ k

mJ - функция Бесселя



The system is effectively (kinematically) one dimensional

We take TM01 mode and

LR c0 2.405 / 300 nmw 

Photonic field inside metallic tube
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TM-modes pattern of cylindrical waveguide:
TM01 TM11 TM21  TM02 TM31

frequencylongitudinal wave 
vector continuum 

c
u

to
ff

c
u

to
ff

c
u

to
ff

c
u

to
ff

c
u

to
ff

0/cutoff c Rω≈ 

0/cutoff Bc R k Tω >>For fulfilement a single transverse mode regime 
And we can guarantee the transverse quantum number  is frozen.

light frequency Lω



Metallic  waveguides  for  confinement 

O.G. Schmidt and K. Eberl, 
Nature 410, 168 (2001).

Photon and Atom Confining System

Two level rubidium atoms, Buffer gas  atoms.

Experimental Set-up (Bonn Uni.)
U. Vogl et al, Phys. Rev.  A 83, 053403 (2011)
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Некоторые особенности БЭК

( /2 1)( ) dρ ε ε −∝

Плотность состояний

1,2,3d = размерность системы (размерность газа),

Зависимость химического  потенциала     от  температуры

p m
      
 





d d

dk
k Bk

V d kN N
E k T

( ) ( )

(2 ) exp ( ) 1

µ

БЭК невозможна при 

Равновесное распределение числа частиц (для идеального  газа без ловушки)

dV ( ) размерный объем, 

Ищем  критическую температуру         БЭК  полагая m  0
CT

 

k

kE
m

2 2

2

CT 0

Убывает  вместе с      при 3d =

При                нужна ловушка для достижения необходимой плотности состояний1,2d =

ε
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BEC in One Dimension in power-law potential

0( )U z U z n
Density of states is

where  

BEC condition 0,   CT Tm  
For 

In quasi-classical approximation the 1D
system can support true BEC if trapping
potential is more confining than parabolic .

 l U
1/

0( ) /
n

e e

2,n  0!CT 
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Non-interacting 1D Bose-gas in power law potential is 

For                we are not able to use quasi-classical approximation,
see  D. S. Petrov, et al , J. Phys. IV France 116, 7 (2004).

n  2



Photon (LB polariton) is confined inside the potential

Waveguide for photon (LB polariton) trapping

Photon energy is

zph phph phE m zkm Uc2 2 2 / 2
n

  

cutoff ground energy trapping energy

2
ph phU m c h

Biconical Waveguide Cavity For Photon Trapping 23
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p
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2 phd

R
R z

z

0( )
1

n
h

      

h is curvature parameter
characteristic scale of photon localization 

kinetic energy

photonic potential



Maximal radius is

Fundamental            mode volumeV 3
mode mm01TM

Waveguide parameters:

Biconical Waveguide Cavity For Photon Trapping 

h

24

LR c0 2.405 / 300 nmw 

photon (LB polariton) levels

ground state

Межмодовое расстояние 
должно быть малым для 
применения квазиклас-
сического приближения. .

Single transverse 
mode regime

Photon energy spectrum                                                  Bohr-Sommerfeld quantization rule 2 /( 2)( 1/ 2)n trE n ν νω += +

where trω η∝

Waveguide radius variation should be slow, i.e.    smallη Quasiclassical 
BEC description



2 24n BE k T    d k

quasiclassical
approximation

Energy spacing between 
polariton energy levels Thermal energy

Energy spacing between 
polariton branches

upper polariton branch 
neglecting condition

Main Approximations
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   ph at k q k q k k k k k q k qk k k k k k k k
kk qk at

H f f p p f p p f f p p p p p p f
N

† † † † † † † †
' ' ' '

'

ˆ ˆ ˆ ˆ ˆ ˆˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ=
2
kw w k    

          
        







Atom-light Hamiltonian with saturation nonlinearity

k is a collective atom-light coupling parameter

In a polariton basis, neglecting upper branch polaritons

z
LB k q k q k kk k kk q

kk qk pol

k
H U z U

m

2
† † †

pol 2, 2, ' 2, 2, '2, 2,
'

ˆ ˆ ˆ ˆ ˆ ˆ
2

n

  

             
   









 NL atU CX N
33 4 / ( )k  

nonlinear interaction parameter

For photon-like polaritons                                       and X atomic( part) 0 C photonic par( t) 1

 
 pol phm m

1/22 2

1/22 2

2 4

4

k

k

 


   
is polaritonic mass;

 
 phU U

1/22 2

pol 1/22 2

4

2 4

k

k

   


 

Is a polariton gas really ideal?

 is atom-light detuning

/ 0.057κ ∆ =

NLU 20 kHz

For experimental data
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 
2

2 2

2( ) ( ) = 0pol
pol

mz E U z z
z

    
 

Schrödinger equation for LB polaritons trapped in the cavity

 2
0 0/2pol ph R RU m c h     “force” acting on polariton inside the cavity

polariton wave functions distribution

Waveguide parameters
10.0005 mh m 

0 0.3 mR m

ground state

pr
ob

ab
ili

ty
  d

en
si

ty

The solutions of Schrödinger equation 
are a set of Airy-shaped wave functions

Photon-like LB polaritons in the BWC 27
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Critical temperature for  photon-like polariton BEC in a semiclassical limit  

pol phN N number of polaritons under the low density limit (                      )
Low density limit

Polariton BEC in the BWC

28

pol
B C

pol

N U
k T

m F x x

2 /(2 )
1/
0

2 ( ) ( ) ( )

n n
np n

n z

 
   
   



1 1/ 1

0

( )
1

t dtF
t

n

n





( )x
( )xz Riemann functions 

gamma functions 

1/ 1/2x n 

1n 

ph atN N

De Broglie wavelength  at T=530K



Возможна ли Бозе-Эйнштейновская
конденсация фотонов?

Р. Кубо Статистическая Механика , Мир: 1966г.
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Ранние схемы получения БЭК фотонов

«The statistical equilibrium between the photons and the plasma will establish itself as a result
of both scattering processes, which do not involve a change of the number of photons, and
processes involving the emission and absorption of photons».

BEC of photons achieved by Compton scattering off a thermal electron gas 30



Photon 2D BEC in dye-filled microcavity
Experimental  scheme J. Klaers, J.Schmitt, F. Vewinger & Martin Weitz, Nature, 

468, 545 (2010)

22 2 2 21
2

/ 2ph ph harp mphh k mm cE m rω⊥+ +

cutoff ground energy harmonic trapping

transversal kinetic energy
where 

2 2r x y= +

Confocal cavity forms transversal harmonic trapping

Photon gas forms kinematically two dimensional system

3.5λ

 

36= / 6,7 10ph zm k c kg
is photonic mass

Photon dispersion in the cavity
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Photon Gas Thermalization

(i) Photon thermalization is reached due to multiply absorption and reemission
processes in a dye solution;

Multiple absorption-fluorescence cycles in a 
macroscopic dye-filled photon box.

w w0 red

i) Spectrum at point B is red shifted with respect to that obtained 
for a single fluorescence event  due to partial thermalization.

iii) The process of thermalization in the box is incomplete due to limited 
spectral bandwith of the dye solution

iV) The low-frequency cutoff                 , imposed   by the resonator, prevents a 
succesive  red-shift of the photon gas.

wcutoff
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Photon BEC Observation
Spectral intensity distributions for
different  pump powers 

Images of the spatial radiation distribution 

cN N< cN N>

NO  BEC BEC !

Normalized spatial intensity
profiles along one axis for
increasing pumping power
near the critical value.

33

22

3
B

c
harm

k TN π
ω

 
=  

 

Critical photon number Practically
more easier to vary photon number 
density instead of temperature



Outlook

Our publications

3. I. Yu. Chestnov, A. P. Alodjants, S. M. Arakelian, J. Nipper, U. Vogl, F. Vewinger, and M. Weitz,
Thermalization of coupled atom-light states in the presence of optical collisions, Phys. Rev. A
81, 053843 (2010).

2. A. P. Alodjants, I. Yu. Chestnov, and S. M. Arakelian, High temperature phase transition in the
coupled atom-light system in the presence of optical collisions, Phys. Rev. A 83, 053802 (2011).

1. I. Yu. Chestnov, A. P. Alodjants, S. M. Arakelian, J. Klaers, F. Vewinger, M. Weitz, Bose-Einstein
condensation for trapped atomic polaritons in a biconical waveguide cavity, Phys.Rev. A. 85,
053648 (2012).

Высокотемпературные фазовые переходы, а также лазерная генерация - две стороны
«одной медали». Они являются результатом механизма ОС, приводящего к
перераспределению интенсивности и термализации населенностей одетых состояний
при различных знаках атомно- оптической отстройки.
БЭК фотонов возможна при достижении термодинамического равновесия для
двумерного газа фотонов в резонаторе с определенным хим. потенциалом в условиях
слабой связи между молекулами и полем.

БЭК связанных состояний среды и поля возможно для низкоразмерных систем , неотъем-
лемой частью которых является резонатор, позволяющий придать фотону конечную
эффективную массу и увеличить время его жизни, которое должно быть больше времени
термализации.
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